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PREFACE 


In this book are contained without any material alteration the six 
Public lectures, which were delivered by me during the first four mouths 
of 1090 with the two-fold object of (1) giving an up-to-date account of 
our knowledge of the mesn-value theorem and the function 6 to which 
X havo ventured to give the name of Rolle's function. and (2) stimulating 
research relating to Rollo’s function by suggesting problems which wore 
at the time engaging my attention and bad not been completely solved. 

Apart from the first chapter, which is historical and introductory, 
the book may be roughly divided into two parts. vie.. tho second and 
third chapters which deal with the mean-value theorem and its genoraliza- 
tions, and the fourth and fifth chapters and the major part of the sixth 
chapter in which Rollo’s function has been studied. Tho first Appendix 
la of intere bocause of the correspondence between Professor Pompoiu 
and myself about his remarkable proof of the mean-value theorem, ‘Tho 
second Appendix donis with the history of the various forma of the 
remainder in Taylor's series. „Tho third Appendix contains corrections 
and additions, 








T vopture to say that the chief interest of the book is the prominent 











place given in it to Rolle's function. It is true that the function wos 
eonsidered by Cauchy about 100 years ago and was later studied by, 
American and Cambridge mathematicians without more being discovered. 
about ite functional property than thot it may be multiple-valued. Tt is 
‘only very recently that well-known mathematicians, for example, Professor 
‘Rudolf Rothe and Professor T. Hayashi, took up the study of the function 
but in ignorance of much of the earlier work. A few ol the land- 
marks in this feld of research may be enumerated bore. (1) Profossor 
Rothe bad never contemplated the possibility of @(h) being non- 
differentiable; T bave given functions Ah) which are single-valued, finite 
“nd continuous snd at the same time without differential co-ofioiente 
‘at the pointa of an everywhere denso set. (2) Prof. Hedrick had attompted 
‘an a multiple-valued function, but, for want of the 
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that, for f'(i) as nowhere differentiable, &(A) may be also nowbere differen- 
tablo, with the possible exception of the points of the first category whero 
JU) hae "euspa?* 

Tt isen great pleasure to me to record my obligations to a number 
‘of my friends and pupils who have bolped me in various ways, during 
Abe time the book was in tho Press, To De, Bilbutibhushan Datta, D.Se.. 
Tam indebted for his advice relating to tho paris which aro of historical, 
charactor. Dr. A. N. Singh, D.8e., Lecturer in tha Lucknow University, 
has gone through nearly the whole of gbe book in proof and ha» given 
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FIRST LECTURE 
Historical end Intredectory 


Colleagues, valente ati other gecflecness! 

The sis lectures which I propose to deliver on the mean value thew 
en. rightly called the fundamental theorems of the Dufleremiiad Celeste 
are intewlad to make knows to you a Gehl of reewarch which bes only 
comparstirely recemt timas ettrected anything Lis ccacderable stlentoon 
trom prürnimen! mathemets-vwes end + bed m far tram be mg er beens 
shall tse! aspiy rewented i 1 oce] n inspiring ome of you wth soiba 
Sisam to take up tor research even a lew of ibe ammers posbisms that 
may be woggeeted by my lectures, 


« Today's lecture will be of & historical and tntrodectory charseter, 
and T shall begin by giving you wm. sescunt of the vieuntuder 


dte gore. Michel Rolle (1032 (T18). who was from 1055 ommo a 
member of the Academy of Soiences of Pars. was one of the 
of the “old mathematicians who id aot content themen'ves mA the 

| tuitioaai prosle of thearems but demandel ngo iges datione 

pote"! Les email danimi bosk.” published in 1001, be ques whet 
(goes now by the mame of Holle's theorem.’ rs f(r) hee at least ome 
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real root lying between two successive real roots”of /(x)=0, Statementa 1 

which amount to Rolle's theorem are found in Euler's Institutionce Cal- 
euli differentlales which appeared in 4755 and which was until the ap- 
pourance of Lagrange's Théorie des fonctions analytiques in 1707 tho 
only really standard work on the Differential Calculus, ‘The theorem is 
given by Lagrange. and also by Paolo Rufini in bis Teoria generale delle 
«quasioni which sppeared in 1700, But, according to Professor Cajori,? 
‘none of the eighteenth century writers whom we bave cited calls Rollo'a 
theorem by the name of its discoverer or directly attributes it to Holle, or 
lays stross upon tho theorem, or even allows it to stand out conspi: 
‘ovowsly as a theorem; it i» stated only in passing.” This attitude 
continues with many writers of the first half of the nineteenth centur) 
The name of Rolle i» not mentioned anywhere in Cauchy's Résumé des 
tagons sur les calcul infinitesimal (1829) or his Leçons aur le calcul 
différentiel (1829) ; it is absent from tbe pages of De Morgan's Differ- 
‘ential and Integral 

















whieh appeared in England in; the period 1850-1800, wi 
Price and I. Todbunter. ‘In 1800 Giusto Bellavitis, a man unusually 





Noble's theorem to Rolle and calls it tbe *teorems del Rollo, In 
1808 the theorem is given in the German edition of Serret's 
Bupérieure under the name of * Hollescher Sat Sinco 
‘theorem came to be generally ascribed to Rolle and 
mame.” ^ During the second balf of the nineteenth century we see the 
strange spectacle of Rolle's theorem, which had been in the of equa- 
tions a star of the seventh or eighth magnitude, become in the wider ro- 
gion of mathematical analysis a star of the first magnitude. 
rem ie used now in proving the theorem of mesn-value, from 
‘ate some of the wonderful illuminations which make the modern 
ment of the caloulus so admirably rigorous," 


#2 


3. Although the mean-valoe theorem in its now familiar form 
f J (+= (E) +A Pern) 
press erie Aam in Cauchy's ren 


o {ans anus 
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mearly the above form by Lagrange who first obtained the remainder ia 
"Taylor's expansion for / (z +A) after n terms and thea put «1. Professor 
Pringshoim! recognizes the two inequalition . 


Pate) en) s Ve p)0, 


(0r). 
Pa +2) pe) —2 pa + 0)<0, Joss = 


where #'(x+p) and ¢'(+4) are respectively the minimum and maximum 
of f(2+2) for O<s<h, as equivalent to the moan-value theorem. These 
inequalities appear in Lagrange's Théorie des fonctime analyliquer in 
A generalized form, and in the above form in his Caleu! dew fonctions 
(1800) and im Ampère's paper “ Recherches aur quelques points de la 
théorie dos fonctions dérivées ™ (Journ de l'école poly.) of th» same your. 
Cauchy gives those great prominence in bis Résumé aad deduces the 
fore (1) only as a corollary. *“ Perbops tho first author to bring together 
the theoretn of moan-value and Holle's theorern was Ossian Bonnet whose 
derivation of the theorem of mean-value from Rolle's theorem is given by 
Borrot ** in his Cours de calcul différentiel ot intégra! (1808). ` Borret 
does not, however, mention the name of Rolle in the proof.” The condi- 
tions under which (1) holds appear in half» dozen different forms in the 
works of ths writers who followed Gaushy. Tho prosent accepted condition 
for the validity of (1) is substantially that of Bonnet and was first given 
with care by Dini in his lectures * at Pisa during the yours 1871-1872. 
Dini's formulation and proof were utilized by Prof. G. Poano? to oriticize 
both Bonnet's proof, and Jordan’s proof as given in the frat edition of his 
Cours d'Analyse. Vol. 1, of 1882. The conditions for the validity of 
7 (4) were made less restrictive by Prof. W, H. Young and Dr, 0. C. 
Young;* and still less. restrictive by Dr. A. N. Singh." 
3. Iprooeed now to give a brief historical account of the investiga: 
tions of @ which seoms to have been first studied by Cauchy and his school; 











+" Har Geschichte des Taylorsben Siren“ (Diblisthees Mathematics, Series 3, Vol. 
1, 1900, pp. 483-470, specially pp. 444-409). 
TW published In 1078 in the shopa of the book. Fondument per la tance doll Jonsont 
toria reali. + 
(UT. Nauralla Annales for 1854, pp. 45-47, 188-19, 252286, 475482, Jordan'e prot 
;aelermd toi the ome which appeared i hie Cours d"Analyr de I eia Polychniqee, V 1. 
aw 
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probably the goault,® that for a fixed z, Al+0)=}. originated from tbem, 
‘The first writer to attempt the expansion of @in powers of A was Whit- 
com? ho gave in 1880 the first six aoeMicients, the next two coellici- 
onis wore given by Mr. Dhole Nath Pal^im 1028. But the first 
important study of the functional mature of @ wo owe to Prof. MR. Rotho. 
Others who have studied the nature of @ am T. Hayashi, L, Sokolowski. 
Sahas and Ganesh Prasad. The works of these five autbors* have appear- 
‘ed only in the last nine years. . 


4. The various important forms of the mean-value theorem, apart 
from ihe generalizations of the Youngs and Singh. may be stated as 
follows, beginning with Bonnet's form and first going back to Cauchy's 
‘and then going forward to Dini's and Thomae's:— 

L Bonnet’s form (1808): Let f(z) be a function of z. which remains 
continuous for the values of z comprised between given limite, and which, 
for those values, has a determinate differential co-efficient. Then if a, 
and z. +h denote two values of z comprised between the aforesaid licite. 


Heath) Kead=h'ige+ Oh), 


# being a quantity comprised between O and 1. 

IL Bertrand's form® (1864): Tbe mean-value theorem i$ not expli 
city given anywhere by Bertrand but Lagrange’s remainder in Taylor's 
expansion is deduced by the use of what we now call Kollo's theorem; 


+ ia the opinion of H. Rathe (Math, Zeit., DÀ 9, p. 301). 
+ "On the axpanaien of pure A)" (American 7. of Math., Vol, 3), 
* Oo the expansion of in, tbe mess.yaive theorem of the Differential Caleulos” 
(Butietin of the Cal. Math. Sos, Val 39, yp. MAIO, 
SE Sab gear ae tone Tohoke Moth, J Voli 90, mur 
Hayudhi, Science Reports, Tekolis Imp, Unis, Lf. 
Tohola Math. Jug Vel, 34, 1020, pp. VAM, MW i 
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neither the pame of Holle nor the mean-value theorem bas byet menjionnd 
by Mortrand, As a particular caso of the remainder theorem, the mean. 
value theorem comes according to Bertrand to the follow 
(2) together with #/(r) is continuous in an interval (s. 





(b) —ela) e (6—a) qn + 66=9), oct 


INL. Price's form ! (1852): If s, and z, are two deli 
rs being greater than zy, and 2,1, being a finite quantity. and if 
F(a) be a function of +. which. as also it» firwt-derived function, is finite 
and continuous for all values of x between z, and zo, then 








F Gr) Firg) men. mal Wn + lee 





all. 
6 being some proper positive fraction. 

IV. Todhunter's form © (1862): same ax in Moigno's given below. 

V. De Morgan's form * (1842): 1 ¢ (x) be a function which is finite 
Abd without singular values from ra to mah inclusive, and if tho 
differential co-efficlent be the same then 

gae h) olo) m he 04) 


| for nomo positive value of 4 less than unity. 

Vi. Moigno'a form * (1840); I f (2) together with /'(r) in continuous 
when 4 passes from zo to zo + ^ then 

fixo + Meo) m M (ro + h). 

boing a number, comprised between O and 1. The Cauchy's general- 

ized. menn-value theorem is first given and the above is deduced froot it 

© VIL Cauchy's form? (1823, 1829) : When the function f(e) bas a finite 

.— value for zz, and remains continuous together with ita differential co 

ficient f'(x), from x=x0 up to zr +h, (bere existe between tho limite 


efficient 
À (sod 1 value of O such that 
TA frs hf) = hf re + 6H). 
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" ile's form! (1874): The mean-value theorem is not 
ess given but Rolle's theorem with the name of Rolle is given. Also 
the Lagrange's remainder is deduced. So, according to Hermite the 
mean-value theorem comes to the following: If f(s) together with ite 
differential co-efficient is continuous in an interval (ze, X), then 
JG Mey) =X — 20) [zo + OX 20), OSL 

IX, Thowae's[orm* (1875): If fif) i» finite and continuous in an 
interval (a, b) and has in the interval a continuous progressive differential 
v0-ullicient f'(a +0), then 

Jis + M — fito) m MP +0). 
£ boing botwoon z, and zy +h. 

X. Houel's form* (1878): Same a» Cauchy's (with this difference 
that ô js said to be subject to the inequality, O<¢<1), 

XL. Dini’s form* (1878): I f(x) is Boite sod continuous in the 
whole of an interval, and, excepti t tho utmost the enda of this interval, 
io all the other points has alw differential co-efficient which is finite 
and determinate or which, being infinite, is determinate in sign; then, 
denoting by z and #+h (h positive or negative) two points whatever of 
this interval (the ends included) and by 6 a number comprised between: 
D and 1 (0 and 1 excluded) which depends on z and oa h, we have always 


Fle +hy= AG) + hile e 0h). 


54 


9. Belore Prof. W. H. Young and Dr. G. C. Young published ? their 
generalization of the mean-value theorem it was believed that the absence 
of the differential co-efficient at any point inside the interval (x, +h) 
‘might render invalid the relation 


fie MfG) + hp (=+ 0h), LOL, 











This point has boen carefully elaborated in Seblomileh's Höhere Ans. 
lysis, Bd. 1, 1881, The first investigators to relax the conditions for the 





Tntegrale, p. 10. Note that the condi- 
ton of tha sont of Fa) nin with va a cnmqenes Ve etian and cine 
ot fü). 
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existence of the differential co-efficient were the two Ygunge. Their 

generalization is the following: E 
XII. I there is no distinction of right and left with regal to the 

derivates of /(=), then there is a point in the completely opon interval 


(a. b) at which f(x) bas a differential co-efficient, and the value of that 
differential coefficient is precisely 





=f'{a+ob—0)}, O<o<1 


The special case in which /(b)=fla)=0 is called the generalized Rolle's 
theorem, and the following is called Rolle's theorem for derivates: If f(x) 
is a finite function or has infiuities only at a nowhere dense act), and is 
furthor continuous throughout the elosed interval (1, b) and is zero ut tho. 
end pointe a, b; then there is a point of the completely open interval 
(a, b) at which one of the upper derivates ix not positive and the other 
lower derivate is not negative, 















t f's 0 sU. 
‘or the alternative inequality, interchanging left and right, 
ries sie. 


7. Singh! has gona further than tbe Youngs and bis generalization 
still more ‘rolaxes tho conditions imposed on tho derivates; Singh's 
‘generalization, in the following: 
XIII If f(z) be a continuous function defined in the closed interval 
, such that : 
(1) there i» no poiat within (s, b) at which one of the derivatives. 
« progressivo differential co-efficient or regressive ditferontial eo-efficiont) 
exista while the other does not exist, and (2) ut. point within. (a, 5) 
uppor and lower derivates on one side lie within or are equal to the 
upper and lower derivates on the other side; then there exists » point in 
the completely open interval (a, b) at which the differential co-efficient 
exists and its value is equal to 











theorem for derivatives: Tf fle) 
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and Iqver derivates on ope side Tie withia or are equal to tbe upper and 
lower derivates on the otber; then there is a point in tbe completely 
open interval (v, b; such that nt least tne of the two derivatives exists at 
this point wod its value is 
Hoy fea), 
[ET 


55e 
T proceed to give you an ides of what our prosent knowlodga of 
the functional nature of # as a single-walued function of h In. 

(win 1880, Whiteom? published his investigation of the expansion 
of à in powers of K, postulating implicitly not only tbe expansibility of 
f(x +h) in Taylor's serios in powers of à but also the expansibility of 4 A) 
in powers of h. He gave the general system of ^ simultaneous equations 
for finding the n co-ofcients Ay. Ay....A. in the expansion 

6m HA, + NIRS + AAS + ato Infinity 
The netual values of Aj. Aj Ay. A, and Ay have been calculated by 
Whiteom, but the general exprossion for A. has not been given. 

() B.N. Pa? m, attempt to lod the general expression for A, 
but rucosedei only in determining two more co-efficienta, riz., Ag abd Ay. 
Both Rothe and Hayashi «eem to have been igoorant of Whitoom's result, 
us their investigations to determine A, and As show, 

9. The first attempt to investigate, as fully ns the present state of 
analysis will allow, the functional nature of the number # in the mean value 
theorem has been made recently by Ganesh Prasad, For the sake of 
simplicity he Wakes z to be O and /(0) tobe 0. In a paper” read bolora 
tho Caloutte Mathematical Sooiety ia July. 1020, be has first given a numi- 
ber of fundamental theorems, vis.. (1) 169 is a single-ralaed function 
9f h, then it i 





























or #'(+0). He further discusses certain types of each of which is. 
differentiable at the pointe of an everywhere Jensa Pipa 


^ Le. * be y$ 
$ Belin of the Colentts Methematiat Sesity, Vol. 0, pp. 165-384. 
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considers the question: What condition must be satisfied bya prescribed 
function 6(h) in order that there should exist a corresponding function f(A)? 
#5, S 

10. "Tho fact that 6 may be a mulliple-vatued function of A was ro- 
cogniwd by Cambridge mathematiolans ! as early as 1401, and that 
fnot was latar discussed at some length by E. N, Fedrick? Very 
recently G. Prasad ? has atudied the function 5, which he calle Rollo's 
function, as a multiple-valved function. He has introduced tbe notion of 
the principal value ø, of the function, defining it as the greatest of the 
multiple: values of # for a given A. and proved that (i) A,(h) may be dis. 
continuous, (ii) that, If continuous, it may not bo everywhere differeatiable 
and (ii) that, in the case in which /((h) is nowhere differentisblo. 6,(k) 
is also nowhere différentinble. Arranging the various values of # in order 
of magnitude ia an enumerablo sequonce (4, ]. what holds for 4, may be 
shown to hold for a given member 6, (h) of the sequence. 

11. R. Rothe'« paper of 1021 also treats ô as a function of the two 
vatinblos z and h, and proves the following theorems telsting to it 

(0 Let # and h (+0) be real, o<e<b and also sz «heb ; further 
let /(e) be continuous for agz<b and differentiable for s«cr-—b; then 
for the interval (a, b) and foe every sub-interval of it the mean-value 
theorem holds. If @ is independent of + and h, thea it must be 4 and 
M(x) must be of the form ax? + ey with ak0. 

(ii) With Che suppositions made in (i) about f(z), if &(M). is independent 
of « and dependent only on h, then of all thoso functions ofh) which aro 
ingle-valued and differentiable, the only on» which satisfies the menn- 
value theorem is 

a loq abel 
b Con ia dar vd 
and tho corresponding f(z) is o e** Bey with a0, 

| Yn an examination paper of June 10, 1401, for the Jews, Christ's, Magdalene, Kar- 


and. Bidoey Sussex colleges tbe following question appears: Point out when # 
value corresponding to e given valas of 2 sod à. 
. Kannste of Mathemation, 


Où  whieb occurs im the law of the mean 
D ered 
ü mad 

" ^ 
TE 5 
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(Gi With tho suppositions made in (i) about f(z), if 8 (x, h) is indepen- 
of h and depends only on 2, then no such variablo function @ existe 
‘Which “also possesses . 
dé 
E 

Rothe also considers in the same paper the following question about 
Ø: what conditions must bo satisfied by @ as n function of x and hin anler 
that thore should be a corresponding funetion f(2) to satiafy tho wean value 
‘theorem 





fire Mm fir) h flee on) 


In treating this question Rothe has postulated tho continuity and exis- 
tence of | 


ve net 








D D D m». "m 
whore z, ma and z5x +h. 


$7. 
12. Before I conclude this bistorical introduction, T should Uko to 
miscellaneous theorems 
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eharwetor given recently by D, Pompeiu,’ T. Hayashi ? and "Takaha- 
shi." Pompiou's theorem is, that under certain conditions for and P 


[ole +h) pr.) MU, +h) Fa.) e hte + 03h) P(e + 83h), caen. 


‘Tho theorems of Hayashi and Takahashi are complicated as thoy involve 
integrals, although each is based on Holle's theorem. 


19. The next group of resultseto be mentioned aro tbose relating to 








tho number 6, occurring in Lagrango’s remainder + /("\(x+6,h) and the 


number 4) in Cauchy's generalized mean-value theorem. As in the case of 
tho ordinary @ of the moan-value theorem. Whiteom * gave the expansion 
at 6. im powers of A with the co-efficionts of A, À*, À*; the oon- 


t ho showed to be — P... The function #, bas been studied by R. 
Rotho and the following results, among others. hare been found by bim: 


(0)? In onler that a function f(s) satisfying Taylor's theorem with 
‘the remainder 9, of the nth order be satisfied by a value of 4, indepen- 
dent of æ and A. it i» nocomary and sufficient that /(s) be a polynomial of 
tho (#+ Dh degree, and that, = —1 


wei’ 

















E qe + DG) i fo 
[Où alm, ð, wp (x) is existent and continuous for 


4<e<b and at the sume timo not identically zero. 


mea 
1 Li 1 (+) 
or noa- sr (rout) fesse sel 


certain conditions. ‘The work of Rothe in this connection is open to tho 
same criticism as in the case of Rolle’s function 8. 














ferme da theseema dos aceteisenmanta Sui" (Bulletin Scient. Acad. 
T 
1905, pp. 186-01. 
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ees alc 07) Tiaka: ae Rees smal ¢ and it has beon 
‘shown, Yor example, that it 6, be indépendant ot z anh it mun be 1/2 
and F and s must come under ome of three possible casa. 

‘study ls open to the same cnticiem as Tathe's, 


14, ‘The last group of results relate to the case of two or more inde. 
pendent variables. Much is stili left to pe discussed in this connection ; 
the only results worth mention here are the various expressions for 


Jeth, ye) - fis y: 
(9) The result that 
Mag hg, Mm fer, )mh (o, +h. y, +k) + hole, + Oh). 
# standing for RE ¥ fr SY and 6, 6, for numbers each tying between O und 
1, is an inmediate deduction from the mean-ralue tbeorern, 
(0) The rovalt that 


Naath yat M) fürs y.) mh Glee + Oh, ya + OK) + hope + Oh, y, OK), 
OPI, is based oo the moan-value theorem and an artifion by which # 
EGLI oie ue e rera E Mi RU ODER 


zez, 4h, ymy, ts 
là). Gounat and Hedrick? have given a third result, vig. 
Mesh ye = für. y)mh f, Le + Phy nA) + hf, fes y t Oh). 








SECOND LECTURE 
Paoors oF THe Mauvais Tusonsw- 
. 


35. "Today's lecture will deal at some length with the various forma 
of the mean-value theorem as given by writers from Cauchy to Dini and 
with the proofs of those forme, Ta many cases the original proofe will be 
given and criticized it necessary. As in the first lecture I gavo Ossian 
Bonnot's enunciation first. so I proceed to give today first his proof * 
almost word by word: -~ 
** Lat f(2) be n function of = which remains continuous for the values 
bet ithe given limite, and which, for these valuas, has 
‘co-efficient f'(«). If 2 anil X denote two values 
between the aforesaid limite, thea one shall have 













žy boing a valuo comprised between zo and X. 
Tn faot, tho ratio 







VQ) - AX] - lle) = Aro} = 0- a 
CAS C sanat imd the formula. 
| ea) (fel Ae) - o) Are. a 
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Int us suppose, for the fixity of ideas. X > ro, and jot us make r 
increase, trom 2, to X: the function p/s) is 0 to start with. If one admite 
that it is not constantly O. for the values of z comprised between z, and 
X, it ia meceorsry that it commences to increase by taking positive values, 
or to deerense by taking megatine palass. may he. starting from sm ay cr 
from a value of # comprised between #, and X. 1f the values in question. 
re positive, ss piz) is continuous and ns it must vanish for «=X, it is 
‘evident that there shall be a value z, between c, and X such that #01) 
ball be greater than, or at least equal to, the neighbouring values plr; A). 
dr, +A). A being e small a quantity as wo please. If the function on 
enaring to be Ô takes negative values, the same reasoning proves that there 
exists a value s, between ©, aol X auch that e(e,) shell be less than, or 
‘of the utmost equal to, the oeighlouring values gfe, ~A). ole, + M). 

Thus in beth the cases, the value of z, shall be such that the 
differences 





gie Men) tn rhon) 
will be of the same sign. and. consequently, the ratios 
CORTE e 


will be off opposite signe 

Jt is necessary to remark that we do not exclude the hypothesis in 
which one of the preceding ratios reduces to 0, the hypothesis whioh will 
require that os) has the same value for the values of 7 in a finite interval: 
In particular, if the function pls) i« constantly © for the values of # com- 


admit that the function / (+) has a determinato differential cooffieieat and 
Ae same eoceequretly bolde for e); swage thee ration have 
sigon: therefore tbeir lint is 0. Thus oo has 





e9 . 
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Ono bas therefore. 


ILES) epi. - ø 


ns was announced, í 
We bavo supposed that X > 2,, but, ns the preceding formule doss 
e S al i aah, X. it is independent of 
this hypothesis, 
1f ote pute 
Kerth, 


the quantity 2), comprised betwoen «, and zy +h can be represented by 
Zo + 0h, 0 being a quantity comprised between O and 1; one may therfore 
write 

fro + M) fleo) m frs + 6). 


16, 1t is necomary to make a fow remarks about tho above proof :— 


mesumed; for, otherwise, the estepiial lement in the proof. viz... that (2) 
shall attain ite upper bound (or lower bound) at » definite point 2 
between the given limits, will not necessarily be true. 

(b) ‘The proof does not aasutne the existence of (+) at «y or X. 

(e) The proot does not assume either the continuity of fle) any- 
whore or its finitonuns, 

(A) The proot ie slightly defective, as pointed out by G- Penes 
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pe 49 


17. As Bortennd did not consider the mean-value theorem except ae 
a deduction from the remainder theorem of Lagrange, I take up now the 
consideration of Price's proof. which is obvioualy open to the objection that 
tho equations in (1) below are aot rigorously valid :— 

© If c, and z, aro two definite values of 7. r, boing greater than za. 
nd #7 being ^ finite quantity; and if F(x) is a function of z. whioh, 
‘na also ite first derived function, is finite and continuous for all 
between ^, and #0, then 


P(r) —F (ra) tr, 


8 being some proper positive fraction. 
Lot the difference r, — 7, be divided into n parte, ad let tys tyson 
Ve the values of a corresponding to the nt points of division ; and 
Tet us, moreover. suppose n to be so large that eacb of the divided elementa, 
agen are e-u ne lini 
Then, observing the dedaition of a derived function, we have the 
following serio» of equations: 
Fir) Ferg) ty nU): 
Fle) Ve) ues - Fn). 


Fita) Flen) ™ (a Feeds 


eee cane tn res ee aani eee eee 
the sum of the first is F.,)- Fir). and the sum of the secoud 
pet of the su of the fat factors. wi (2, n), and some de 
of the second factors, tbat is. 


Fea) Fies) mice lee Meta 
ae A 
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*' If the function f(x) being continuous between the limits = y: e X. 
one denotes by A the least and by B the greatest of the values pf the 
differential co-etficiont f'(7) in the interval, then the ratio 


ARE fre) cod) 
ze 


of the finite differences is necessarily comprised between A and B, 

Let us denote by &, « two very small numbors, the fit being chown 
in such a manner that for the numerical values of à than À and for 
any value whatever of » comprived between the li X. the ratio 

















Le += fon 
D 
romains always groater than f'(x) ~e and lew than f(x) +0 Tf between 
tho limita zy, X, one Interposes (n — 1) now values of the variable x, say 
ute 
36 n» to divide the difference X — 











Ay Fo fne 
whioh being all of the same aigu have numerical values loss thans, the 


fraotions + 
| Maye) , tese) 10 x o0 
DEC CE 





boing found comprised. the first between the limits f'{ro)—<, foxy) +e, the 
wooonil batwoen tha limits f'(e,)— s f"(#1) + «will be all greater than the 
“quantity A—« and loss than tho quantity B+e. Moreover, those frac 
“Hons (5) having denominators of the same sigo. if ono divides the sum of 







I the differential coefficient f'(x) is itself continuous 
sz, 2—X, in passing from one limit to. the other, 


tacy fa sath s mance ato remain wary. somprieed 
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‘between A and B and to take successively all tho intermediate values. 
‘Therefore over moan quantity between A and B aball be a value of /' (7) 
corresponding to a value of z between the limits zo and X=x0 +A or, what 
comes to the same thing, a value of x of the form 

20 + they +0 Xn). 


# denoting » number less than 1,7 . 
19. Ibis necessary to make the following remarks on the above 
proot: 
(a) What Cauchy explicitly assumes about /'(2) is its existence and 
{finiteness for every value of z in the closed intereal (ro, X) i in the corote 
Jary it is implied that continuity is not necessary for the proof that 


ÉD) fi 
lies between A and B. 


(b) Tn reality the proof, by taking à and « to be two such quantities 
‘that ** for any volue whatever of z comprised betwoon the limite zo, X, the À 


ratio MEAN) mais always greater then f(a) -< and loss than. 


Je) +e" ws Long ws iia less than 3, assumes implicitly ua 2020) 


uniformly tends to f(x) for every value of z, This ie equivalent to the 
continuity of f(x). 


Take, 2.9 2,70, XL, fic) o 5? sin 1/2, Then f'(x) is existent and 
nite for every value of + ia (0. 1), the ends included. Dui beekoie ol 


‘the discontinuity of f(a) at eso, 1812 6). doos not uniformly tend 
bb 




















i 
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mor between them, are there any singular * values of s(2), Thus for log s. 
from z—2 to z=3, there is no singular value, noe is log 2 of log 8 “either 
of them singular. We bave now P; a comminuent®* with Ax, whatever 
the valuo of x may be, between a add a+h. Consequently, P and a will 
still remain comminuent, even though. while Ar diminishes, x should vary 
in any manner between a anda+h, Thus, for instance Ar and = Ar aro 
comminuente, even though while cr diminishes, z should vary in any 
manner between a and a +h, 

Let us suppose cx to be the%hth part of h, so that <r diminishes 
without limit as n increases without limit. Let P, which is » function of 
z and cr, be denoted by / (x, 222), and we then bave 





tara 





ZA) 2) + fn n) 


now substitute suocexalvely z +x for x until we come to have p(z + næs) 
or 9 (+h) in the numerator, which will give the following set of equations 
(n in number) :— 





ter) — 
ax 


gister) ette) m ga + cs) + le + tun, ah 


. ole+ B22) — 
a 


eie) fies eni 


ER) mu + Das) efie dr. an), 
Hep A) Het P NN 
E wn 
tjeta i ax, as) 
9n Da) Het h=1 A) spern- as) 
p 


+ feral ance) 


Form the fraction which bas the sum of the numerators of tho pro- 
ji Cir erani ent tho sum of the denominators for its 
tor, it being clear that all the denominators have the same sign. 
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This gives 
the + eun) — oin) + ole + Base) — pla + a) tom + plet neve) —9(e n Las) 
* nae 





or sms gy 
nar 





LERLIEC CE 
ñ 


which must therefore lie between the gréntent and loast of the preceding 
fractions, or of their equivalents, all contained under the formula 


Pr kn) + jatkan o). 


Now let the first value of > be a. and let C and c be the values of = 
which give p'r) the greatest and least possible values it can hava between 
ema and smath (We have supposed that gr) does not become 
infinite between these limits) And let © and K' bo the values of «and X 
which give fie +o, Ar) the greatest value it oan have botween the 
limits, and and W those which give it the least. Then still more do we 
know that 


tee Mooi) ies between s) +/(0' + K'a, cuz) and. 
ole) + fet eo, 22), 
jm which the two functions marked / are, as we have shown, comminuenta 
with cr. Now. ifs quantity always lie between two others, it must lio 
(between their limits......The limits of the proceding. when n increases or Zur 
‘diminishes; are e/(C) and (e); whence we have the following theorem | 


aa qo ra + h inclusive, aud if tbe differential pe 
Abd if C and c be the values of z which mabe tU rd 
botweon those limita, thea it follows that i 








© 
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P'O) between #'(C) and s/(«), and since a+6h where, 9 lies between 0 and 


Yee 
210018) pason." à 


sa 


31. The following proof due do Cauchy * is of interest because it may 
bo considered to be a precursor of Hommes proof; incidentally the 
generalized mean-value theorem of Cauchy is establisbed :—' Let f(e) and 
F(a) be two real functions which for x= ond which remain 
continuous between tho limite s=25, 2=X, Let us suppose that the 
differential coefficient Ps) does not change its sign between the limite 
im question. If one calls A the least and B the greatest of tbe values 
which the ratio 








` (2) 


(=) 
receives in this interval, then the fraction 


E S 
ga 
e 
ghall alvo romain comprised between the two limits A and B. 


VÀ Proof. “Because one shall have, by hypothesis, for all the values of © 
© enclosed botween the limite z, and X, " 









£ a) 
"TM fe a»o ff -B<o ^ 
cad MEUS déni sien FD) does Dot change lu sign 
en these limits, one may afirm that in this interval one of the 
ete CES 


Besien 2, t. IV, gp. 208300). This 
Series 3, 8. TV, pp. 243-247). 


| GS 2099 
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Moreover these produote 
the functions 


hall be always positive, the other negative. 
aro respectively equal to the differential coefficients 


s. Ke) AG), fte BF (a) 


Therefore one of these functions shall be always increasing, the other 
always decreasing. from #=20 to*=X. Therefore, because they vanish 
simultaneously for z= ro, the values which they receive for z=X, vz., 


K(X) - AF(X), fI) BF) 


shall be of contrary signs and one ean say tho samo of the quotiente whioh 
thowo values give when divided by F(X). that is to say. the differences 


dre s 


"Therefore tho evetion Je, shall be comprised between A and I. 





Corollary. It the differential coefficients f'(x). F(x) are themselves 
^X, thea when one passes 


from one lint to tbe other tbe ratio 2 shall vary in such n manner 


as to remain always comprised between the two STA TA oe 
take in succession all tbe intermediate values. Therefore “every mean 


quasitiy between 4 und B, lor emumple, the fraction LR shall be 





> alu’ of the ratio (2 entrespooding to a value £ of x enclosed between 
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(a) Todhunter’s proofs are substantially the same s the fft and 
second proofs of Cauchy und arp free from objection because ihe 
continuity of the differential coefficients of the functions concerned is 
explicitly assumed. In the case of each proof, the generalized mean-value 
theorem is first proved. 

(P) Moigno's proof is substantially the same ns the second proof given 
in the preceding article. E 

(e) Houel's proof, although? (at places) carelessly worded i» sub- 
stantially tho same as Cauchy's first proof given in Art. 19. 

38. The following i» Dini'« proof * of his form of the mean-value. 
theorem : 

© We form the function 





yia) fir) - I0) FS U)- fi 


which vanishes for zma and zb. 
| This function ¥(x) shall be evidently finite and continuous like /(+) in 
‘the whole of the interval (a, b), and its differential coefficient, which wo 
. shall denote by y/(z). shall bo always finite and determinate or infinite 
and determinate in sign together with tho differential coefficient of fl). 
Now, as this fonction vr) is zero for =u and ^b and is always con- 
“tinuous, if will not be zero in the whole of the interval (a. h) thoro shall 
exist necessarily at least one determinate point 2 in the inside of the 
aforesaid interval in which ¥(x) shall sctually attain its maximum value or 
minimum value; whence, unless y(r) i» always zero from « to b which 
| cannot be the case, there shall always exist at leust one determinate point 
m'in the insido of the interval for which there will be obtainable a number 
« different from zoro sod positive such that for all tbe values of 4 positive 
und less than « the differences 


LOS EC ES IE 9178 - Ce 


iot equal to 0, aball always have one and the same determinato sign 
T ss of 8; and whence the ratios 





E MEAN-VALUE.TIHIOTIM 
those limita exist and ought to have one and tho same valde yw), finite 
and determinate, or infinite and determinate ia sign; because, on account 
of the hypothesis made, /(z) and therefore ¥(2) admits at any point inside 
(@, b) and consequently in z'a differential coeficient which is finite and 
doterminate or infinite and determinate in sign...... Hence. 


Lim HAD HE) mo 
+ 


An the only relation that ean bold. ond thus 


pony OMO e 


brash, ams, bia zh. 
Mae à) fe) + Aia + 8h), Oc 01, 


su K 


(4) About the enunciations of the mean-value theorem. it may bo 
safely stated that the essence of an enunciation ia mot that for two given 
values a, b of 2. the conditions are required in order that 


ADEM) m ris + 6 STan 020215 


such conditions can be given in infinite variety, For example, even if, at — 
ome Intermediate points in (s. b). f(z) were infinite or discontinuous or- 








js exploite that the conditions required 
SR P cs 
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‘other proofs have been borrowed from Cauchy and ore identteal with, or 
slight modifications of, ome or the other of the two proofs given by Cauchy, 
‘the first proof of Cauchy is vitisted Uy tho mistake pointed out in (h) of 
Art. 19. the same mistake is to be found in Price's proot (which is othar- 
wie carelessly worded), in Moigno’s proof and in Houel's proof; it is 
strange that the same mistake appeared in 1589 in the fret volume of 
Jordan's Cours de Analyse, The proofs given by Bertrand, Todhunter 
and Hermite escape serious critfclam but unlike Cauchy's proof they 
sume at the outset the continuity of f(x). The second proof of Cmuchy 
lw open to the objection thet it is taken to be almost self-evident that if a. 








function has a differentia! coefficient ZO} in an interval it is jnorensing] 





in that interval. Do Morgan's proof is based on the assumption that 
nowhere has f(x) or f'(s) à singular value. the term * singular " being not 
olearly defined, Awsurming that De Morgan means f(z) to be finite snd 
continuous with f(z), hi» proof is careful and is open to no 
objection. 

ic) The important question: What is the necessary and sufficiont 
condition in order that f(x) being define! for an interval (a, b). the ends 
boing included, for every sub-interwiA (r, £4 A) of (a. b) the relation. 


Jee y= fle) + AP e+ 0h), 061. 











holds? has not boon answered as yet. 

That, for the validity of the above relation, the finiteness as well as 
the continuity of f(z) in necessary is obvious, But it is not nocossary that 
J(=) be existent at every point inside (s, b); this i» proved by the generali 
‘zations given by Prof. W. H. Young and De. G. C. Young, amd by Dr. 
| A. N. Singh. 

‘Again, if, ab a point a inside (4, b). /((«*0) and f(s—-0) exist and are 
-unequal thea a wub-interval («—h;). (a+ hg) can be found for which tho 

relation will not hold provided that /(x) bas not an infinite aumber of 
maxima and minima in the neighbourhood of =. 
Some interesting results la connection with the question for. 
eee beginning of this æub-purs have been given by Prof. 
B $ 4 












|. Brouwet * Over difarentiogentienten en dfereotisslqootienten™ (Verri 
T nee, Vel 1 IOS, pp. ma Proceedings Arad. Amotirdam, Vel, 1, 1905, 
Ud 5 " 
N E: 
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25.° In 1906, D. Pompeiu * gave 8i proof of the 
which differs from all the other proofs in this respect. that it i 
Tolle’s theorem which. in every one of the other proofs, is fira! established, 
and the mean-value theorem is then deduced from Rolle's theorem, I 
proceed now to give this proof of. Pompeiu. 

Let a function f(r) be continu in aa interval (the ends included) 
aod admit of a differential coefficient at every point inside that interval 
(the onde being exolvded). Further. let a and b be two points in the given 
Interval (tbe ends being included). Then form the ratio 


Ris, = G0 10). 


‘The question is, to prove that there is nt least one point hetwe 
and b the differential coefficient at which bas precisely the value Ra, b). 



















Now let 
smit. 
‘Then we hare x 
a ffi) 5 fas) 100) 
af aza, TE } 
or, briefly, A 


Ro, b) Rs, 63) + Rn. )]- Ee n) 


Tee cates oria (1) the two ration in the right aide of the above 
‘equality are equal in which case we may consider any one of them; (2) 
the two ratios are not equal so that one of them is greater. and the other 
loss, than Rs, b), 

e eme 

i rud 















seer aa. 
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value of rin (a, b) the ends being included; further, bgeause of the 
iasquality of Rie. a;) and R(s,. b). and (1), Ais, b lies between [^ 2) 
and R(a, b) = Rib, aj). Thus the continuous fusetion M(x, ej) mi 
take tho value R(a, b) for some value b, of z intermediate betwe 
+ bso that 








od 


Ribas 44), Les Fi 
It tho point b, eóincides with a 
will have 







by) =R(a, b). … © 
then the theorem is proved as we 


fai) Hes, b). 
In any case 
lamdi | stie-bl. 
It a, and b, are unequal, take 
asm bu) 

Then, prosseding as in the case of R(a. b). it is proved that between 
à, and b, a point by exista such that 
Ras, b3) = Ra 


1227521 sila, 

‘Wo c»ntinue this reasoning indefinitely if none of the points b, 
coincides with the cor espoading point 
Wo obtaia thua a wet of intervals {I,} possessing tbe following 


propeeti. 
(1) the interval Las ie. (3a. bi), in inside the interval Jy.) and 


equal in length a the utenost to the half of the length of /4-, #0 that 
the length of Ty. bes Jazba | ssh: 








where. 














(2) R(a,. ba) s (a. b). for every value of the integer k, . 

‘Therefore I, tends to a limiting point e as k is indefinitely increased; 
but when a, and b, tend to €, from the definition of R it is obvious that 
R (ay, b,) tends to f(e). 

‘Thus it is proved that 





acm. 
(8) It, im (1) RG, 03) and Ras: b) aro equal, then, instond of (2) 


| above, we have 
o thet buo with 





Rs 
Doit | =è (679. 


) = Ra. b) 
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Proceeding as under (a), we got tho same result in the end as there, 

‘Thus the iooan-value theorem is proved. 

rici of Pompeiv'a proof. — 

In order that Pompeiu'« proof be valid, something in addition to the 
ezintence of f(z) must be postulated. For. if[z,] and [y,] havo the. © 


«me limit o, 14 doon not necessarily follow that LEa fl) tends to 
n 


. 
fie). Tako, e.g.. a0, bul, fü)m(e-Q*sin 1o. eit ge. 





n 


wait 





‘Then #4, y, both tend to  ; but SEA does oot tend to sa. | 
ie. 0, bot to — 5, 


$16. 

26. Tproseed now to consider Whe geometrical interpretations of 
‘the moan-value theorem. Iwe assume that jis) admits of s graph for 
‘the whole interval (0, b), an assumption which involves departure from 
regularity only at a finite number of pointe, then the simplest geometrical 
interpretation of the mesn-value theorem is this: To the chord joining 
any two points (x. f(r), [es h, {ren}, gro thoro exists at 
‘one tangent at an intermediate point p which is parallel to the chord, 


ruth of thie interpretation is illustrated by Dre | 
“tude of f(z) at n point in the second figure not invalidating the 
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‘That the theorem may be invalid is illustrated by the fguros 3, 4, 5. 
. 





In Fig. 3. thoro is a discontinuity in f(x) between P and Q; in Fig. 4 
PG) is non-existent at a point between P and Q; in Fig. 5 at O between P 
and Q therd is a ousp but f'(e) is non-existent there. 
| Other geometrical interpretations may be obtained by treating /(<) as 
“the area of the ourve bounded by y=/'"(2) and the zaxis. or by treating 
JU) ws a volume. 
* $a. 


27, D will conclude this lecture by deducing a number of important 
l. i.o., with the 
assumptions that /(+) is finite and continuous in the interval (a, |, the ends 
^ included, and that /(«) is existent at every point in the inside of the 
the ends 
, aries TEf(2) a zoro at every point insido (s, b), thon 
fla) is constant in the wholo of the interval. 
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Pp. Tgt y fe be ony two pointe in (3. P). then by the menn- 

‘value theorem 
d fi3) - Ney) TEEN) a) 

where € is a point between s, andr. But /(g)=0 by the hypothesis. à 
Therefore f(3)=/le,); thus tbe theorem is proved. 

(D) Theorem B.' 1t f(2)20 st every point inside (s, b), then f(a) Is 
a constantly increasing function; if f(e)<0 at every point, then (2) i 
constantly decreasing function. zi 

Proof, Applying (1). since P(E) 0. and 45». f(a]— fr.) 0. Thue 
Ma) > f), avd it in proved that f(x) constantly increases with », Simi- 
larly, if /'(r) «0 at every point, it follows that f(z) constantly decreases 
with increasing ©, 

(e) Theorem C. At every polut of an interval, /'lz) cannot be Infinite, 

Proof. Again applying (1). 


poslea HE, à naite quantity. 











Therefore inside (x1, 24) there is at least one point £ where j'le) ls not 
infinite. Thur the theorem is proved. 

(d) Theorem D, Unless f(z) is “constant throughout an intorval, 
f'is) cannot be 0 at every point of that interval. 

Proof. For, applying 1), P(E is different from 0, and «his theorem. 
is proved. 

(e) Theorem E. If at a point a in (4. b) the limit of fix) existe, 
then thst limit will be the value of f'(a), (+0) or f'(«—0) according asw 
ia insifo (o, b), is a or b. 

Proof, Let a be an interior point, then, by the mean-value theorem, 


Je 51-6) spat oh 0c. 
‘Therefore, ns h tenda to O, a+ öh tenda to ax consequently f'(a + 0h) tende 


to wdofinite limit, say L, by the hypothesis. But by tbe definition of the. 
differential coefficient at a, 


km ORNA apo. 


Thusitis proved that '(a)=L. Similarly, the other cases can be dealt. 
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U) Theorem P. It, in addition to the sssumptions in Dini's form^o[ 
the mean-value theorem, //(2) is continuous in (a, b); then, corresponding 
to an arbitrarily small quantity 8>9, it ia always possible to find ‘à second 
quantity «>0 and independent of z, such that 


fath) pes) 











<à -9 








ver be the value of x in (a, b). 
mean-ralue theorem, the left-side of (2) is equal to 
1 a+ 6h. — fir) |. But, by the hypothesis, f(x) is continuous in (a. b) and 


therefore uniformly continuous. ‘Therefore. corresponding to à, n quantity 
such that 





Litas)? 2) 1 <8, 
whatever values za and z, may have ia (a.b) provided that | +2 | <e. 
Now |6h| < [A | ; therefore 
I fins ohi - fn | <8 
MIAJ <e . 
tg) Theorem G. fix) takes every valuo betweon its upper and lower 


boundaries M (a, in addition to the assumptions in Dini's form of the 
menn-vslue theorem, it being assumed that /'/a +0) and f! b—0) exi 
roof, By Theorem E, f'(»)æp(a) is either a continuous function of e 
of, if discontinuous. bae discontinuities of the second kind only. Therefore, 
im any case, pls) takes every value be! 
boundaries ; a» required by Weierstrass's theorem about continuous 
functions and by Darboux's& theorem about functions which have 
discontinuities of the second kind. 
“An alternative proof ? is the following :— 
U and L be the upper and lower boundaries of f(z) 
if U > C > L, values s, and a, of z exist such that in a 

























Lte 


. 4 Given by Darboox in Ann. de evi Normale Sup., Series 2, Vol, & 1879, p. 100, 
K ‘inf Coats Infine, V. p PAS. 





2 MEAN-VALUR THEOREM 
Now constder the function 
d olma) +C. 
Indicating with A a number > O but sufficiently small, we huve 


obviously 


lim athea < o 


lim tachet > o, 


Hense there must exist a number 8 > 0 such that, for values of © 
betweon x, and z,*«(z, excluded) and for values of z between rg —« 
and zy (rs excluded), we shall have respectively the inequalities 


ele) - ei.) < 0, + 


90) etes) < 0. 


The above inequalities show that neither z, norz, isa minimum of 
$6). Now, olz) being a continuous function in (ry, 74), tbere must 
be a value xq inside (ry, 2) where the minimum of p(x) ix attained, 
‘Therefore, for all positive values of A less than a given number, 


Pro +h)—ples) > 0. 
9r 7M - en) > 0 : 


oo +h) - ein) > o, 
Bleus) < 0, 


‘Therefore, ns p(x) has a differential coefficient at xy, tho two exprossions 
fon the right side of the above must tend to O with h. Thus e'(x)=0, 
Le.» fleq)=0, which proves the theorem. 

(h) Theorem H. If f(r) satisfies the conditions of Theorem G, then 
f(z) cannot pass from s value A to » value B without taking all the 
intermediate values. É 
The proof is similar to the proof given above of Theorem G. 


whenoe 





^w - J "RS 








THIRD LECTURE 
GENERALIZATIONS OF Tus MEAY-VALUE TUEOREM. 
$18. 


28, Today's lecture will deal chiefly with such results as estab- 
lish the validity of the mean-value theorem 


fxh) f) + hfi 88), OCR, 


under conditions loss restrictive than those in Dini’s form of the theo- 
Tem ; the mean-value theorems with such loss restrictive conditions 
may be considered generalizations of the theorem as found in tho most 
toidate text-books on the Differential Calculus. To-day I will also give 
s number of deductions from these generalizations. I proceed now to 
give the generalization of W. H. Young and G. C, Young which may be 
onunciated as follows : — 

It in given interval (s. b) a fonction f(s) is defined to be finito and 
continuous, the end-points being included; then, for every pair of points 
(ro. to +h) of (a, b), the ends being included. 


Sao +h) =f lo) + hi (re + 6h), OKIKI 








provided that at every point invile (s, b), the ents being exoluded, thoro 
is no distinction of right and left with respect to the four derivates ntethat 
point so that D*/(z)=D-/(e) and D./ (=) =D-f(). 

Proof: 

As in Dini's proof of the mean-value theorem in Art. 23, let (s) 
denote. 





42) - leo) = (iro M120) 

‘Thon plu) and pr +h) both vanish. Also like f(s). p(x) is finite and 
continuous in (#9. zo +h) and does not show any distinction of right and 
loft with regard to the derivates st any point inside (fo 29 +4); thus at 


D'g(s) =D-9(#) and D,9(=)=D-p(2). 


10 
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Wow. it (2) in mot zaro throughout (zo. zo ^A) it must haro an uppor 
bound ora lower bound different from zero. Also, beenuse of the conti- 
muity ot e(r), this upper or lower bound must be attained at an interval 
point of (ro: zo *). Calling € such a point there must exist a number « 
> 0 but auffcieatiy small so that, taking À Lo be always >0, 


elt M) - eo } 
for ke 
E-W - eit) 


e(£* 4) - e(t) 


si£-M 70 

In the first alternative D'e(D and D,e(£) are both <0; und D7e(£) 

and D.9(é) are both 20. In the second alternative the inequalities aro 

ll reversed. Therefore, because of the hypothesis of their being no dis. 
tinction of right wad left. 





pee 


D’¢lg)=D-¥()=0. 
D.s Dei) m0; 
and, consequently, #'{6) exista and equals sero, ‘Therefore 


f bie Lea ETES 
Le. flay +A flea)®h P (eg Oh), LE 
$10. 
29, A fow exemples may be given to Hit Ma alone  generaliza- 









d. Lat fie) be 2 eon ( À tog y+ 4) for isis then 


ue imus the interval (1, 1) end has a differential © 


totem pon (1 Log A} nt every point with the exception ot 

where, however, there is no distinction of right aod sa wih ret to 
‘Although Dini's condition is not 

“theorem holda, and for avery pair of pony emery eriam a 

: Miro th - fro) e hf ro + Oh), Gere 
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Ba,2, Lat f(s) be a sin À for —1g151, then {(e is Balle and con: 


tinuous in the interval (—1, 1) and bas a differential co-efficient 





i sos 4. ab every point with the exception of 2=0 where, bowewer, 


thoro fs no distinction of right and left with regard to the derivates. Thare- 
foro, although Dint"s condition is not satisfied, the condition of the Youngs 
is satisficd and the menn-value theorem holds. 





5 20. 


30. ‘Tho next generalization to be considered is the following due 
to A. N. Singh: — 

IL in a given interval (a, 6) a function f(a) is defined to be finite and 
continuous, the end-points being included; then, for every pair of pointa 
fry: Fa th) of (a, b) the ends being included, 

À eat Wf (ro) th f (eg + Oh), OPEN. 
1 provided that. 


{D there is no point inside (a, b) at which one vf the two derivatives, 
vis., the Frs differential coefficient and the regrossive differential 
dats, while the other does not exist, and 
yt Inside (2, b) tho upper and lower derivates od ono 
x within or are equal to the upper and lower derivates on. the other 














ha vanish nleo of) is Like /(«) 
unless ple) is sero throughout 
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Suppossé(e) bas a maximum at the point € within (ro, xy +1). 
‘Thon, by the hypothesis (i) of the theorem, the derivates ab € satisty 
either tho inequalities. 
ee er K 

D. $ (£) = D- ¢ (6). 

D' +s D ee Ja 

D. e (0 > D- 9 (B. 
‘Suppose that the inequalities (A) bold, Now, a» € is a point of 


maximum, 
D* 9 (6) s 0 and D- 9 (£) ze 0. te) 


Bot by the inequalities (A). 
Deo) ze De (6h 
Therefore. combining the above with (a), we bave 
D'#l0 = D7$(£) «0. [0] 
Again, D.e(£)220. for € i» a point of maximum, 
D-E) = Ds. 


Df) x 0. 

D.9(£) «07 D^e (£). 
E —0) exists and is 0; also by (b) D'e(£)s0, x 
‘Therefore # LE +0) exists by the hypothesis (i) ofthe theorem and must be 
O. Thus # (E) exista and is zero. 
Hence » , 

d eee EN 
des Jar no t 


i;e., because of (b) 
"Thorefore. 
Honce 
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31, The following two examplga illustrate Singh's generalivagion : — 


Erd. Let J (x) equal 2x sin L in the interval (0, 1) and equal 


æ sin Lin the interval (~1, 0). Then at the polot #=0 insido (—1, 1) 


there is a distinction of right and left with regard to the derivates; for, 
D-f0)=2, D,{(0)=-2 
D-fO)=1, D-f(0) = =1, 
wo that 
Df (0) 2 Df (0) and not equal; also 
T.f (0) is unequal to D./(0). 

At all the other points the differential co-efficient es and so there 
in no distinction of right and left. Also /(z) is finite and continuous in 
(-1, 1), the ends being inoluded, Still, for every pair of pointe 
(xo. 26 +h) whatever. the theorem holds. 

Ez. 2. Lot ¥(z) equal 2 z cot log(2*) in the interval (0.2) and be 
‘equal to x cos log (x*) in the interyal (—2. 0). Thon. for 


. fa= EE, 


whoro («, ) i an enumerable and everywhere dense sot of points in (— 1, 1). 
tho generalization of Singh holds; «o that tho meng-value theorem i» valid. 
although at every point of the set [w,] there is a distinction of right and 
loft with regard to the derivates. 








value tbeorem still further, by 


59. Singh has generalized the m. 
tinuous functions.! His second 


extending it to oven certain types of 
er runs as follows : 

lt inside a given interval (a, b) for which f(s) is defined, there bo a 

point X at which there isa discontinuity of the second kind, at least on one 

_ sido, say the right (left), and if inside a finite interval, however small, with 


the point of discontinuity X as left (right) end-point, 
tn Dis paper (ed Hedrick shows that the menn-valoe theorem may bold fore 
dincoutioaous function like sio 3 








D 
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(Ñ there is no point at which one of the derivatives exists while the 
other does not, 

(i) at every point inside that interval the upper and lower derivates on 
one side lie within or are equal to the upper and lower derivates on the 
other; then the mean-value theorem. 


Tio hy feno) +h Ixy + 0h), coul, 
holds, L 

Proof: 

H (rs, a +A) does not include X a» an inside or endpoint then the 
proof of | 20 bolda. 

Af (ay, 20 + à) includes X as an inside or end-point. then we proceed 
an follows, Ax the conditions of the generalization of § 20 are satisfied jn 
^n interval (X, a) lying inside (xy. zo) it follows? thet the 
differential co-efficient existe at ao everywhere deore set in (X. a), and 
passes through all the values between the upper and lower limits of the 
inorementary ratio in (X, «). As there isa discontinuity of the second 
kind at X, the upper and lower limits of the inerementary ratio am +9 
And — respectively. ‘Therefore, there exista at least one point in (X, «), 
and consequently inside (zo, z9 +h), at whieh. the differential eo-elfi 
‘existe apd bas any given value, Hence there is nt least one value of 6 for 
whioh y 





fite My fe. mpieg + Oh), OKI. a u$ 








FA 
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Y(z)e -olz A), for 8- «78. . . 


Tt is enay to see that any interval (g.4) taken within (z,. x) +h) sontaine 
within it a complementery interval of the set G. oris itself contained 
within such an interval. In the first case, the conditions of the theorem 
of Art, 82 are satisfied for the interval (p. 4). and in the second case 
those of tho theorem of Art, 50. Hence the mean-value theorem holds 
for any interval within (ry ro +h) although F(z) is discontinuous at all 
the points of the set G in (zo, xy +h). 


$28. 


1 interest as showing Dinis attempt at a 
generalization of the mennsvalue theorem thirty years before the 
Publication of the generalization of the Youngs, the following is reproduced 
Almost word for word from DinV's "'P'ondamenth'* 








^* 1t a function f(r) is finite and continuous in the whole of an interval, 

and. excepting only a finite number of points 
uncertainty, in all the other pointe of the interval it has a determinate 
“differentia! co-efficient whieh nes for the 
^ points: 












Het) fiy), 





with the numerical diminution of A do not tend to a finite and determinate 

Himit but oscillate only between finite limits ; then, denoting by x, zh 

wo points whatever of the given interval, we shall have È 
Heth)—e=h Ay 

where A is a quantity which depends on x and on A but which im absolute 

value never excoeds a given finite and positive number. 


Fat us observe in fact that, if between * and zh (r and x+h boing 
- at the most excluded) /(e) has always a diferential covefficient then this 
"E mas "from the ordinary theorem given in Art. 23; 
wo that it ia nenessary now to consider the case in which one or more 
io poini di: Mp: dus fall ia the interior of the interval from z to 
e pe 
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Row in this caso, by the hypotheses made, thiére aball exist a number 
4, positive and different from cero such that for & numerically inferior to 
& and for ë= 48, the ration 


Hay *)-f) fn 
Hasile, Finn 


fare all numerically less than a finite quantity g. while for 4 numerically 
greater than fj the samo ratios shall l all inferior in absolute value 


to SÉ, y boing the maximum absolute value of le) in tho given Intar- 
val ; whence, denoting by A’ the greater of the quantities g and, and 
i 


supposing that in the interior of tbe interval from x to z+ h falle ab loast 
«€^ the point a, in such a manner that 












ama, Fh ethan EF, 
wharo à and V are positive, we shall bave in absolute value 
f (y 8) 7f Qu) XN, f (6139 — [s ) A 

sud beno also in absolute value — 

Kay £9) - f a ly oar, 
and consequently . 

Jie + h) fl) = A ^, 
Ay bela a quently umarialtyIntertor da 1; and bie videos. veros 


35. Something which may bo regarded generalization. d 
ance only wes given by Marnach sd Thomas 1 aoa 


Bed ss pee ren 
say the upper derivate on i» a continuous function inside 
then tor any two pointe zo, zo thin (a, b), fley+h)=/lry) 











GRYRNALIZATIONS OP THE MEAN-VALCT THEOREM a 
12. . . 


86, The following two theorenm are worthy of mention asegeners- 
izations of Rolle’ 







lerivaten À: If f (x) in a function of = which 
). the ends boing included, and 
point € inside the in- 
one of the upper derivates 
in not positive and the other lower derivate is not negative, that is 
D' fis 0-16), 
or tho alternative inequality, interchanging left and right. 
Djs os D.f(). 
Proof: 
H f(2)=0 throughout the whole interral. the theorem is evident, 
all the derivates being zero everywhere, If not, /(x) hasa positive upper 
bound or a negative lower bound. or botb, and, being a continuous func- 


/ tion, there is à point € inside (a, b) at which / (2) assumes such an er- 
reme value. 


16 then follows as in Art. 23 tat 


a HTH, 16e 
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87. 1 will conclude this lecture by giving a number of deduct 
~ from considerations similar to those in the generalizations given to- 

Theorem 1. 

M y ben continuous function of z in the interval (xy, z4), and if the 
upper derivate to the right lies everywhere between the limits G and Gt 
(G>6)), then the quotient 


£r 


Also lies botween the same limits, whatever. arbitrary values be talcen for 
z and # in (eo, 21). 








ware > G, then a quantity e » 0 could be 





chosen to be so small that, if z ware defined by 
smy- (+o, 
tho difference «/~2 would be >O. say equal to å. Therefore, thon must 
‘exist for 2 an upper bound #* («2 where the relation 
aate 
would be satisfied last. At thie place would 
D'a"20.e 
and, consequently, 
D'y'aGre, a 


which would be against the hypothesis. 
It, however, Y= were < G', thon » quantity © >0 could be 
‘chosen to be so small that, if z were defined by , 





e 
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Theorem J: For a continuous function, tho four derivates all have 
the same upper bound and the same lower bound in a given interval, and 
these upper and lower bounds are alip the upper and lower bounds «ol. the 
difference quotient 


fex) - fi), 


fn 
where z}, zg take all possible valugr in the given interval 
Proof: 
Let U and L denote respectively the upper bound snd the lower 
bound of 
Je) - f) , 


PET 
‘Then it is obvious from Theorem I that 


USO. LG". 


We proceed to show that in the above the only signs permissible are 
those of equality, 

For, if posible, suppose for aample that U<G and is equal, say, 
do —w where 7>0. Thus it is not possible to find two values z,, 29, 
which will give M 


But this is absurd, because from the fact that the upper bound of. 
D°{(a) is Q. it follows that however small a positive number « may be 
taken, there are values z, and } auch that 


Merth) > 


Similarly, it can be proved that L cannot be < Q^. Thus it is 
proved that the upper derivate and the incrementary ratio bave the samo 
"In the same manner, it can be proved thst any of the other derivates 
has the same upper and lower bounds as the inerementary ratio. 
P ee It one of the derivates of a continuous function hax a 
positive lower bound, thea the function is monotone and increasing; if one 
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‘This follows imumeratoly from Theorem J. 
Theorem L: Yt continuous function f(x) bas a derivate which in 


continuous at » point », then all the derivates aro continuous ab » and f(r) 
has a differential co-eticient at that point 


Proof: 

Tuko any interval (#0, ^ *«,) round the point». Then in this 
interval the upper and lower bounds of tho derivate, say D'/(z), are also 
respectively the upper and lower bodhils of auy of the three remaining 
derivates, As D°/(a) is finite, the uppor ond lower bounds of D'f(s) in 

fos i) each differ from D'fís) by a number which with tho diminu- 

and «, tenda to 0. The above remark holds also for the other 
Therefore all the four derivates ure continuous at «; 
hence they are all equal t » and there is n differential co-efficient f»). 

Theorem M: A function is determined except as to an additive con- 
stant if wo know a finite derivate of the funetion for all values of the 
variable. 

Proof *: 

Let /(5) and F(z) be two functions which have the same derivate, ssy 
‘the upper derivate on the right, Then form the function 


dan) mez + FU) x fia). 


where ©>0 is an arbitrarily chosen quantity. 
(e) Tt can be proved as follows that " 


D'éla)æe. 


IL 3 be a second positive quantity, then, for every value of a, arbitrarily 
‘naif but positive values of À exist for which 


F(e* FQ) S pg), 
Also for ail positive values of h lower than à certain quantity 
MAI) e pfi). 
‘Therefore iv follows that arbitrarily small values of h exist for which 


DL) -leth »-2 
um Her 80) se-a, 


ESO T 
> The proot je Den soos word far word fro Scesler's paper in Aata Math, — 
MOTTE sé "Ee cit 
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Hence D'é(r)2æc-25 and consequently. since 3 wap chosen to be 
arbitrary, 

D'étrt=e. . 

(M H the domain of z be (s. b), it ean be proved as follows thut 
in (o, b) $(r) - (a) can never be <0. For if it wore <Ò st a point #, 
then would the values of z between a and a’, for which +a) ~la) would 
be 20, have an upper bound, say, s", As ¢(2)~$la) is continuous must 


$7) la) 0, 
anil for every value of à &a/— 7^ the relation 
CORDES ET 


must bold whioh would be untenable with the result proved under (a) that 
Dpt). 





"Hence {Pir} = f(#)}= (FC) fi) can for no value of x be «0. For 
otherwise, ¢ could be chosen to be so amall that also $(7) — $(u) would be 
<0 which is imposible. 

(v) Tnterchanging /(«) and Via) and by reasoning. 
that 





bove, it follows 
46) — (2) — {fla} = F(a)) can for no value of + be <0, 
A) = f) — (F(a) ~1(0)}, enn for no value of « be >0, 


But it has been proved under (/)) thst the above expression 
no value ot.» be «0. 








Henco it must be equal to 0, 

Theorem N: If there is no distinction of right and loft with regard 
to the derivates of /(2) in the Interval (0, b) in which f(z) is defined ax a 
‘continuous function, then. 

(D the points where /(7) bas a differential co-fBolent f(s) am deme 
everywhore, and of poteney €: 

ii) the differential eo-efficient assumes every valuo between its upper 

mnd lower bounds in any closed interval at pointe interna to the interval; 


and lower bounds of f'(x) im ony interval, open or 
E same as those of the incrementary ratio. 


NC EL serre amd lower bounds of any derivate are 
zer Ure Te (be upper and lower bounds of the incromentary 
ORE Seek ‘be a number soeh that 
— Lex<u, 
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‘Then, „as proved below under (y). there is at least opo interval (a. bj) 
within (a, 0) wich that 


` 10,)-f( n g” 
And, ns the conditions for the genernliration of tbe Youngs hold, there 


exists a point 2, im (4). b,) such that thero in a diferential co-eficlont 
Pia) of fw) ot ©, equal to 


480-160 ie, x. 


But K may have any value between L and U, so that the points zy 
whore the differential co-efficient of f(z) existe, are in (1, 1) corres: 
pandence with the continuum (L, U). Again, obviously +, exists in any 
interval ever so small. Thus it is proved that {#3} is evorywhere dense 
and of poteney ©. 

(N) "The reasoning in (s) also shows that /'() assumes every value 
between ite upper and lower bounds in any closed interval at pointe 
internal to tho interval. 


(y) Consider the inorementary ratio 
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DEUM . i: 
By what precedes there is p point P, inside the triangle 
of ite equal sides at which » N ko i rend 
mi. y) hy. 
Similarly there is a point at which 
ma, y= kg 


Mf this and P, sre not both on the same side of the triangl 
Py. If, however, P, and this p#nt lie on one and the 
tho triangle we may take e» P, a point near the point found, mlx y) 
being continuous thero, the value M, of m(z. y) at Pe being such that still 
ky ehe. 
The strotoh P, P, will then lie inside the triangle with nt most its ond- 
points P, and P, on the boundary, but not on the same side of the 
and the stretch will not meet the hypotenuse, ‘Thus mr, v) 
is finito at every internal point of the stretch P, Py, and bas at the 
end-points the finite or infinite values k, and Ks. Singe mr, y) in 
continuous at every paint of the closed stretch P,P, it follows that it 
‘assumes the value  lyiog between its values at Py and P 
intermediate point, that is at some point internal to the triangl 
Theorem O: T f=) satinfies the conditions for Sibgh's first generali. 
zation, given In Art. 30, wiz.. f(x) 4s continuous in agiven interval (s. b). 
thore is no point inside (a. b), at which one of the two derivatives existe 
and tho othgr does not exist, and at every point inside (a, b) the upper and 
lower derivates on one sido lie within or are equal to the upper and lower 
dorivates on the other side; then there exists an everywhere dense sot of 
/ pointe of poteney c, where tho differential co-efficient of f(x) exits, and 
this differential co-officiont passes through every value between. ils, upper 
and lower limits. 
Proof: 
Reasoning as under (a) and (8) above, the theorem is proved, 
Theorem P: If tho second of the three conditions of the above theo- 
era fa not satisfied and the other two are satisfied; then (here in an every: 
where dense sat of points of potency c at which one of tho ativos 
“exists, and the derivative passes through all the values between ite upper 
nd lower limite, 
Proof 
reasoning under (s) and (A) may be essily modified by using the 
| derivative instond of differential co-efficient, because of the validity 
bo (a) and (b) of page €. ‘The theorem ix therefore 


















at some. 
































FOURTH LECTURE 
"Tux Fuxcrioxat. Narone or 6 
$257 
BB. Before I proceed with an account of the recent resenrehos on tho 
functional nature of 6, I will consider, because of it» historical interest, 


tho following problem studied by Whiteom fifty years ago in what may. 
ily believed to be the frst publication ! on the functional matur 









be 
of d. 
in powors of h in the serios. 





Assuming (i) that f'( 
Pa + 0h) = = T ee 
nod f(z +h) in the series 


[EE a, 
for a certain domain of h ineluding o and (i) that @ is also expansible in 
powers of À in tho series = 
ene a z ^ 
: n 


determine the A's, it being further assured thet f'* (s) deo. 
Whitcorn has attempted the solution of the problem and 

actual values of Ag. Ay, Ag: Ay. Ay. Ay; B. N. En A 

amd Az. Tho following method is substantially the «ame E 

and Pal' and similar to Whitoom'e : = 
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Now oquate the co-efficients of h*** on both the sides of (1), thon. ~ 
Gps VETE Sa th tog 


Whore Tax ! denotes the co-efficient of h* in the expansion of 


sr 


From (2) we get the following equations first given by Whitoom* :— 


di roy As fron. 
dj raum heip, 
dr hot) s pro) port) + ABE peto. 
Ryn aspen dogm) eA po je SEAL pe 
k ; + An porte), i 
" e) Mapa) + AA ane) + A IA pog) 
€ B re Asa po) e Mar roa). 
: eg MM 


Are pus) 
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rather complicated, See recurrence 
ol M, 1575, pp TH: alone 
po 12.16, 
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tU thea poa + Pate Haa gg) 
Arme). 


d rtm puro etapa) ^h paru) aaa pna) 
° 

+ Mad porya BATAR pole) à Sod aha poe) 

+ Meha? po), MaMa? poru) Anta paa) 


As A Aapan e SANTAS peo) + Ap A1 si(a) 


+ AREAS pru) e Met poa), : 
‘Two more equations have been given by Pal, vir, those corresponde —— 


M L ù 
O AA and fu). F 


ro he ten eatin we th Ao oning e vant te ai M 
> pu^ 







wo get Ay and so on- 
The setunl values of the first eight A's are 


ab fme mA EE 
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CEE — aor ge ee rey 8 s QUE 
4$ uis TN fepe S -s pk]. 


mk ole S een pr - 


1 us 
Mii sos 7» Uy (ny 


A GG ee a 
Eu 
EE: ood Som ly eus 
y = ie i is CAE E A 
? "m 





"t 
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‘The following solution! due to Dini was given by bim in 1907 and has 
the ierit not only of being the oldest published® solution, leaving asido the 
fuot thst it may be regarded as eodiained in Whitcorn’s solution of the 
fret problem, bat also of being based on the sole assumptions ( of the 
Pr page dr ud 
different from sand infnity. and of not postulating the contiguity of 
f'(0. ta edition tothe tacit smarption? of the single-valuednoss ef # 
as a function of h, 


Ta Couchy^» generalised maan-value theorem 
feto fo- uini) een <n on 
pot 


Fife (ta), 000 o fit - He) - U - P) - 29 pre). 
Then (M*) giver RA tone 
43) 10) -A P) Pr) M PG ty) — Pa) - PD) 


kn Has 8) fia) Pla) rta) f 
-i CRETE ro}. 5 


17 Cabado Tabniisnle,* 1.1, MOT, p. ott 
* e Lana ToS Ansty, 0. he lowing ba gens 
page Pb without any pation — YI. In the farmela of Tagine Jia i= fi + 





niis mail with A, at wich iustas the vuisienoe f the 
eens ob J by raptus 





YOMOTIONAL saruna OF à LI 
Now f"(s) is Gaite according to hypothesis; theretore, with ^ Medi 
No wero, the factor of A? in the left side of (1) tends to 0 ; put a gavel to 
+ where « tends to 0 with A. 
Thus (1) may be written, 
J latm teh posi eoe e). [] 
But by the mean-value theorem: 
Mat HD = (a) Mr Gem). 
‘Therefore, using (2) with the above. 


DEC ES ru} 
Qe, Detto Aro) o 


Now #4 À tends to 0, the left sido of (2) tenda to f^(7); put it equal to 
He) * «s. whore «, tenda to O with h. ‘Therefore (3) may be written in 
the form 


frites -aí dens j 


But. by hypothesis, f" (=) %0; therefore, dividing both tbe sides of 
above making h tend. 





enunciated in Art, 
sssumption of the continuity of / (£); his 


w 
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Las. putting for £. 
open gyal =f arn » o 


But, by (2) of Art. 99, the Jeft side of the above is equal to J[//(e) +). 
‘Ax fit) is continuous and finite at =x, and £, tends to 0 with h, 


Füssen 
where «3 tends to O with A. 
Therefore (3) gives 
MP) teala Min el. 
trom whieh because of f(x) #0, we have 
(00). 


im. 
A. The third problem to be considered is this: Provo that 


COLE nit. 


Be Dio sie YS wa on ti CU 
‘Tho following solution. due to Rothe." postulates, in addition to the 
SHE aatasi n 00). VOVE MN PEER 5 
astern 
110, P). (0 and PCN) are all existent, finito and continuous, and (ii) 
2 - 


Ju + he f) DURE mes sn}. («eel 
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we have. 
$t) fri tk) mhtrope ME mies aa), * 0 


Now from $ 26, £M h(] +a), where a tenda to O with h. ‘Therefore 
(8) becomes, on dividing by 4%, 


Mr) + hp eren Qe pres esten oso). 
4 2 





^P emere has ntes Boren) fried, wy 
putting 

f? (r+ ON) =I (a) ten PMi 18) = Ps) +05, where eyi es tend to 
O with he 


Now f" (1450; therefore, dividing both the sides of (4) by f^(e). 


where 27 pl paeroa} 


= 






ro E may be neglected in comparison with E 


& 58 


(2) is finite by hypothesis. 
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1. JO, f^) are all finite and continuous in an interval #<¢<-. This 
follows from the result given by Dini! that, «, tending to © with A, 


a+ fc) + Co Bred + = 
n° ja) 
E ree Fe 


jf fe) be existent and and the Pwer differential coefficients of 
140) wre all faite and continuous in an interval zs 


48. I proceed now with an secount of Ganesh Prasad's rossurehos * 
on the functional nature of #; the account will be continued in the next 
lecture, 

Prasad was the first to distinguish clearly between # as n singlo-valuod 
function and # as a multiple-valued function. For this purpose at the 
outset of his investigation, he laid down the following fundamental theo. 
rems,% taking for the sake of simplicity 











#=0, 0 fta. n 


in the mean-value theorem 

tasmele) eh PC + 6k) — 

Theorem Q: 1t, ON) is monotone and continuous in tbe domain (0,1), 

‘then there is oge-to-one correspondence between A and £, X varying in 
ite domain (0.1) and £ in its own domain, say A. 

Theorem R: TE 6 ix a single-valued function of h, then the function 

w (f) must not bave an infivite number of maxima and minima in the 

‘of noy point t in the domain a. 


on 
200 te tnt monts he 
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Cor, As a nowhere diferentiable function bas an infinite number of 
‘maxima and minima in the peigbbourbood of every point, it follows from 
the above theorem that, if 8j» to«be single-valued, w (f) cannet be a 
nowhere differentiable fonction. 

44. As, in his first paper, Rothe bad postulated ibat @ should be 
not only single-valued but also differentiable,’ Prasad pointed out in the 
following theorems that the sitigle-valuedness of 6 carried with jt as a 
consequence its continuity but nob its differentiability. 

Theorem S; If 4 is n single-valued function of À, then it is necessari- 
werywhere with the possible exception of h=0. 

'alued and continuous, 6 (h) need not 











exist for every value of A. 

45. Prasad gives certain general types* of {(h) with the necessary and 
sufficient conditions tor the existence of @(+0) for each type ; the typos 
aro the following : 


Typol: w (o= ftam s iy le ds 


Haro 0( +0) existe or does not exist nceording as 


"IT 
Or 
CLR 


Proof. 
(a) Let ý » log L. ‘Thon s^ (0) existe ? and equals 2 ; that is; /"(0) 


exists and is 2. Hence Dini's condition is satisfied ; also, beenuse of tho 
Integrand being always positive, w (f) is monotone, Thus @ is singlo- 
valued and #+0)=}. 


(B) Lot X log L. Then it can be seen without difoulty that 





(1) = 244 At cos (y (I) B) +001), where A is a constant different from 
zero and. espe emen 
^ 
* Seal. 
ay BER ATETA of Mia nu pops Lina thin porto to int ost n eeror int 





| paper st the aod of p. 173. The conditions should be i$ p tog Lor 42 leg 
Bes Trunl's paper. re lee 
Bow Ve M On the diferestisbility of the integral function “(Cre 
Journal, Bi, 160, 1029); ales Prasad’ papara in tbe Bulletin of the Cal M. S., Vol, 16, 

Bs 
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Aso f(N)=h® + Ah? cos {9(h) +B}. Ay boing a constant +0 and 
B, another constant. 


‘Now by the moan-value theorem * 


100) =hw (6h). 

‘Therefore 

(+0) is non-existent as Lin AL ce (ie ny is non-existent; 
because if the limit 6(-+0) existed 


»* e 00) 





would exist; which is not possible, as @ (+0) cannot be 1 as is obvious from 
the form of the expression (1). 


Type Us wim fs) 2+ in V (e)de, x » 1. 6040) exista or door 
not exist acconling à 
onu 
Or, 


` ELU . 






Proof, 
(a) Lu, uo. Then, denoting fx (e) de by X (0), 


wisai- AIP cone 404 (0. 








YUNOTIONAL NATORE Bp 6 5 


Therefore, dividing both the sides of the above equation by 2X40i) and 
using (1) and (2), we bave 


= 9 sis +20) a AX _ hy 
L 020) *o * 00 200) 7 xy ae a 


xeon y) + he o €) 





Now let h tend to 0 ; then (3) gives 


M - Xon; 
Re { dE 


the other terms in the equality singly tending to 0. But X is of tbe 
same order as AX, ; therefore the right side gives a function of &. say 
$ (0), whence wo get 8 (+0). 


(b) The other caso may be dealt with by using the methods of Arts. 
10:19 of Prasad's paper in Crelle's Journal, Nd. 160, and it will be found 
that @ (+0) ix non-existent, 





46, Ilustrative Examples. ^ 


Ex, 1] Let w w=f Has sin FE he. 


"hon 0 (+0) exista and equals 5. although 





TAY S 
4" Lim COTES Gesn i y 


D 


60 Miss-vars rron 
y» 

AT. Prosad also gives cortain general types of (h) with the neces- 
sary and sufficient conditions for the existence of #(+o) for each type; 
the types nro the following : 

Types Land IE: As rogants Type 1, it follows from (a) of Art. 45 that 
+ 6)= 5. Now any > log L. B 


sons fn Holdem at~ KA +04 (0, 
f f disk de +0, (A3). 


But, by the monn-valuo theorem, /(h)= Are (£), 


‘Therefore 
naan ja pronnan fat- to ben » (9. 
Dividing both the sides of the above by A*, 


Es eo orones 
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It hax boon proved by Prasad that @(+0) exists or not according as 
rm . 
or 
¥ = log À 
Type 1V: w= | woja. Wie)=2+ fron 
Oax in Ye)), x 1 1, 
(+0) exista or not according as 
log À 
or 
9S tog 
48. Mlustrative Examples. 





Lot “o-( Wee) sweets (ra. 

DORE en h 
"Then (+6) exists and ie oe ; although f” (o) » and . 
MOREE euin A] 


Bed Let «offe 1 e 


Then 0(-+0) exists and equals 4 but #( +0) is non-existent. 
$30. 


49. I will conclude to-day's lecture by giving from  Prasad's work 
Savin Cel gie M ead ‘each non-differentiable at the points of 
nn everywhere dense 


+ See pp. 278-40 of Prassd's Godt paper- 
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7 Functions # non-differentiable at the rational points: Type A. 


(e) Let ¢ (2) stand for 1053 2% cos log à. ‘Then # (2) will be a 


monotono, increasing and continuous function for every valua of 4, positive 
or negative, 


. 
For, Ø (2) 20 22e con (log y ~ 9): 
9" (2) =20+2 V10 cos (log 34-2 —tan-! 4). 

Therefore it is proved that, for every value of #. ^ (1) >0 and therefore 


€! (2) is monotone and increasing; that it is alvo continuous is obvious, 
(9 Thur, if {us} be the set of rational points in the interval (0,1), 


Mom Steso 


will. give. s(0)=0 map e S Ure) whit will be monotono. 


- 


increasing, and continuous for évery value of h in (0, 1), because suoh 
iag (h—-w,). 

‘Wherefore, by Theorem Q. there is one-to-one correspondence between À 
and € as each moves in ite domain of variability. If, then, € is s rational 
mumbar, say ww dde ne enm 
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But ( d£ ), mn, must not exist ; for. if it wero to exist, fe (£) would 


+ which will be absurd as 





W(Eq) is non-existent. 
1f O i» included in {w,}, it can be proved that #(+0) is non-existent 
because of the inclusion of the term A? cos log b in f(h). 





50. A Broden's function. taken for w(t). Type B.—The tiyoo non- 
differentiable functions given by Broden ! in Crelle's Journal, Bd. 118, are 


LI 
all monotone, increasing and continuous. Therefore, if f(h)= f wodt, 


whore w(t) is one of such functions, there will be one-to-one correspondence 
‘Wetweon It and € as each moves in ita domain of variability. Now each of 
jon-differentiable at the points of an everywhere dense set, 
there are, correspondi 








functions of Brode 
‘tery where dense sot, enumerable or unenumerable, 


1 Denting in each case the function by fie) for (0, 1) where the ende are primary 
‘points, Broan says the following about the three fanctiana + (1) "The function i 
‘continuous «od throughout increases with z; the derivatives +(e) and f—z) are every 
where definite, Gnite snd different from 0; they are also equal to wae another (and to /'()) 
with the excepticn of an enumerable and everywhere dense seh of yeluen (eia, thore 
ittesponding to the primary points). (Bee pp. 27 and 28 of Broden's paper) (2) "fiz le 
euntivuous and throughout increases with e; for e certain eoumersble and everywhere. 
dense pet of a values (ris. thove corresponding to the primary pointe) /' (2) nd f(a) 
“Tint = definite yalue>0; for an woenvmershle and everywbere dense set of z— values ie 
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An interesting question arises: As in the oase of each function of 
Broden, 0 is a primary point and, therefore, a point of non-differantinbility 
for w(t), w/(0) is non-existent; what ean be said about the existence of 


+0) and # (+0)? 
Iu DA — 


For wach of the first two functions w/(40), which bas been 


died 1"{0) in the preceding pages, exists, is finite and greater than 
0; bence in the ease of esch by Dini's result, #( +0) existe and equals 


$- Tn the ome of tho third function of Broden, w'(*0) is œ, and it ix 
difficult to prove that 6( + 0) exista. 


© eens eee ey ao 
hood of 0 ever so small the points where w'(h) is non-differentiable are 
‘evorywhere dense, 
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FIFTH LECTURE 
‘Tue Foxctioxat, Narcaz or 6 (Coxtixuso). 
^m 


61. Just as the last lecture was devoted to the study of the fune- 
tional nature of # as a single-valued function of  ; so in today’s lecture 
will be discussed chiefly the functional nature of 6 as a multiple-valued 
function of h. Before giving an account of Prasad’s researches reloting to 
@ ns a multiple-valued function. I reproduce on account of their historical 
interest the following passages from the first important contribution to 
tho subject, vis., Hedrick’s paper!‘ On a function which occurs in the 
Jaw of the moan S 

(o) *' The formula. 
fish) - fuh, [e+ 0k) m h Pet g), 0 COL, 
is known to every student of mathematics under the title * the law of tho 
mean’ or a synonym. It is usually proved that the formula is correct if 
f(z) is defined in an interval s< + <b and if the derivative f'(x) exists in 
the continuum a«ce«b. 

‘The quantity € which occurs in the formula is evidently a function of 
the two independent variables z and hand is defined for all values of = 
and h for which + and a ^ both li the interval in which f'(r) exists, 
‘The purpose of the present paper is to discuss the properties of this Em 
tity £, and wo shall write 




















[21320] 


whenover it is desired to emphasize its functional character. 
Iu studying the function E(x, h) it occurs to one immediately that it 

E (=. K) In continuous, the derivative /'(z) is surely continuous (see p. 189). 
A alight faspection would tend to convince one that ‘the converse is 


A Annala of Mathemation, Vol, 7, July, 1000, pp. 177-192; specially p. 177- 

"This paper is based partially upon a paper entitled "On the Law of tba Mean’ romt 
‘rio a the sommer meeting, 1003, of the Aumericon Mathemitieal Society. 
"ether paper entitled "The fonction £ (k) in the Law of the Mean’ read by 

te jr meng, OH ihe Ces ‘Section of the Society "(ee footnote 


FINE . 
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true—at loast in a limited aouse—i.e., that if f'(x) is continuous, g(e, h) 
i & continuous function of h when x is constant. This conclusion is, 
however; erroneous. Tt will be shown fhat € (z, A) may bo utterly di 
continuous,! in the senso that £ fails to take on values which lie batween 
values which it does take on, even when f(z) existe and is continuous 
everywhere (see p. 100). 

"The fallacies which depend upon the utter discontinuity of £ are 
known, but not well-known. While poifting out thelr di it may be 
well to remark that certain proofs may be conducted without error slong 
the same general lines as these fallacious argumente, if the function € be 
fully understood. 

Incidentally it will become evident that tho law of the menn may 
hold in its prosent form in case the derivative f (g) docs not oven exist at 
certain pointa,? ovon when we permit x and (s) to assumo any values 
whatever; and genorslized statements of the law hold even in more 
tenüous onses." 

(b) ™ Wo shali now assume, however, that P(r) exists in tho ordinary 
sense. Tho number € depends upon the choice of both # and ^, «nd may 
have several values. or even an infinite number, for one pair of values of 
wad A. If + is fixed, € has at least ope value for every valuo of À and. 
that value is numerically less than h.°" 

(o)* * Let us now consider a funotion f(x) whose derivative exists 
and is continuous throughout some interval a<z<b, "We know that a 
sufficient condition for the continuity of f'() is that E(x, h) be a conti- 
muous function of A when » is à constant. or even that | € | amumo all 
values less than A for some value of | {less than p, Conversely. 
an we infer that if fla) be continunue, it will follow that € (z, h) in 
Continuous function of h when is constent? Or even that | E | aésumea MMM 
ull values less than À for some value of |h] lose than p? Buch 
a conclusion seems to be obvious at first sight, but it is untrue. s 

Let us consider, for example, the function 
































CONTENT eto, 00 
| v=fla)=0 ^ — taso. ae 





Y 
f 
| 
| he example of p. 190 a reproduced below under (d). gs 
Jil. The vass ia which fi) O and firain Ie astres i E 
^. With Ae stated in the Gret lectore, i was koown to Cambridge 
‘early a 1801 that # may be multiple-valoet. Very tj 


Morse 1 Be Oreo 


nee 
. T 





Tite FUNCTIOSAL SATORK Ov Ó (comrixDED) o 
The dorivative is D 


y mpoyesar( à b= con ! Keto, . 
#=pr=0 if æ=0, 
which le continuous for all values of æ. Nevertheless there are values of 
£ (0, h) which aro not taken on for any value of + whatever and which lie 
ns closo to zero as we please, š 
For it js obvious! that Jd 


f'(0) 90 when 2 








SEN. uM 
(nt je 
and that 
MEL E 2 
Jimo when S y je PASO when re 


Now f'(x) $0, sinee f'(x) + constant. Moreover J'{2)20 is surely falso. 
since /(0) i» not a minimum to the right, Hence f'(x) <0 for some valuo 


ot s, 





> u 2 Ei 
Za. whioh lia between COLL. amd Gay, . Ti follows that 


€ nover takes on the value »,, since in the formula 
10h) = f(O) a ^ P). OSES 
a the right-hand aide i» never negative. 
We may therefore conclude that 
xix. ntirely fe that ff (2) existe and is continuous 
throughout an interval about a point mmk, and yet that the assemblage 
7 of values which the function £ (le, h) newer assumes has the power of the 
um. For since f(s) ja continuous, i& assumes negative values 
(way) for all values of æ in the meighbourhool of any paint when 
Wienomüve | 
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42. "The following general theorem and definition lle at the founda- 
ion of Prasad's researches, where for the sako of simplicity # is taken to 
0, wo that the mean-value theorem becomes fU) =h (0h). 


. © 
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(5) Theotem: Tbe roots of the equation in 9. 

f) e (89), 2510 
form either a finite set or an infinite bùt eaumerable and nowhere denso 
set. 


Proof 
Let F(t) denote fi) LË) t. Then, since necording to a known theo- 


rem of Sehoenflies ! the maxima aod minima 
ion form a finite or enumerable set, tb 


fi fiuc 


form such asot. Thus, ax AO, tho values of @gatistying (1) form such 
a not. 

‘That, when f'() is continuous, this set cannot be everywhere dense 
Je obvious. 

For, it the sot were everywhere dense any"number could be looked 
upon as a limiting point of a sequence of Ws ratisiying (1) and would 
therefore itself satisfy (1) as f(/) is continuous. Therefore any number 
in a continuum will in that case satisfy (1), which will be absurd. 

(b) Definition, "The values of 6 satisfying (1) may be arranged in 
order of their magnitudes and denoted by By, Py, 0) esi Oy boing 
the grontont of all the values, Prasad calls #,(h) ‘cipal value of 
4 for a given à ; obviously #, (h) is a single-valued function of 5. 

LE la 

453, "The following simple examples illustrate tho theorem and de. 
finition of $ 32. 





every continuous funo- 
lues of # for which 





vun). i 




















THE FUNCTIONAL NATURE oF 4 6 
‘Therefore 6 is given by the transcendental equation * 


PU NDA 
(Eg) 
numerically least angle whose cosine equala the 


right side of the above equation, and denoting by N(h) a suitable integer. 
dependent on h, we have 








F ros rds? Net, 
Le taking h to be positivo, - 
al paT 
kt 7 
whero tho intager N is so chosen that 6 lies between 0 and 1. 
TEN, in any auch integer for a given A, it is obvious that Ny +1, 


Nitro aro all such integers, For instance, if h ise", m being 
an integer. 











thus 
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“Therotote 6 is given by the transcendental equation, 
* cos Ee IO 
in which the right nide behaves as—h sin-1 for amall values of h, Taking 


^(h) to be the numerically least angle whose eoaino equals the right sido 
af the above equation, we have 


BN rtn 


ie D EE 
CET 
whore N is any integer so chosen that # lies betwoen O and 1. 
Tt N, is such an integer, then obviously Ny +1. Ny+% sc. nro all 
auch integers, 


For instanco, it h= — Lr where m ia any large Integer, 
mee 
z 
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in order of magnitude. are nearly Z 
meti š amei x 
2 (m4) CEU 
Lar 
ameti ameti 
CRE E +—1_) memes + 
2 ames D 3 mei 


ss 
J, ‘That the principal value of @ is not necessarily continuous at 
h=0 is proved by the non-existence of # (+0) in the case of Example I 
ot § 33. 
Proof: Let h tend to 0 by taking the values of the form vm 
whero m is positive and integral ; thon, as shown in connection with the 


study of Examplo I ín § 33, 9, 





h) is always e 
for tila mods of approach to 0, 6 (A) tenda to «75. 
ia JEN is of the form «- (55757 ), whero m is positive and integral, then 
NEN n P 
gm rm ei) ri mt ZH) 
fore m5 and 4,0) is equal oa 
mode of apptowh to 0 for M. vis by taking values 
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sas. 
55, ‘That the principal value of & if contiouous at KO, a not neces- 
‘sarily dlerentiable there, is proved by vonsidering Example II of § 83. 
In this case in tho neighbourhood of h=0,|/(h) behaves as 


-M sin 
"Therefore, as shown in § 39, 


NEEE 
and 6, (h) tends to 1 as A tends to 0. Henco, assuming that 84 (0) is 1, 
it is proved that 6, (A) is continuous at A=0, 
66, I proceed now to prove that @, (+0) is non-existent, 
Proof: 
(a) Consider 
$0) -1 


for the values of of tbe sequence 
1 
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Henco for the sequence under consideration A 


Lim  6,0)-t . 
aad 2 =0, 


(b) Again consider 





for the values of the sequence 


(acto 


‘Then wo have » of the form 


Ñ + higher powers of E than the first, 





‘Therefore 
and 
BEL (2m + De i, + higher power of | : thon the 
(2m + 1e +2 
ant ei 


Hence for the sequence under consideration 





which is different from tho limit obtained under (à), — # 
"Thorefore. 
Lim  éuh-l 
[E] 
ja non-existent, and, consequently, f(A) has mo differential co-efficient 
‘at h=0. 
1 
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57.51 proceed now to consider the statement made in passage (+) 
quoted in § 82 from Hedrick’s paper that, even if (1) is continmou 
E (s. 4) need not be continuous in h for a given s, The statement hi 
been made because of a confusion due to Helrick's not distinguishing 
between tho different values of £ for a given h. 

M we stick to any particular 6, say My, then the corresponding £, say 
Én: is a single-valued function of h; and the reasoning of Art. 1 of my 
first paper 7 is quite applicable to £y. 

Thus €, (h) ean have no point of discontinuity for any value of. other 
than 0. 

58, To make my criticism of Hedrick's statement clearer, lot un 
examine his example. 


10e (re 








1 (0)=0. 

‘Assume that K>0 is a point of discontinuity of the aingle-valued f 
tion 6,0). Thon K cannot be a point of discontinuity of the first kind 
dorf, For. it it were, for any sequence {h} tending to Ñ tha correspond. 
ing sequence {£;, «} does not tend to £, but to y’ different from £j. Thus 


- 
= Bap ey P ento 
‘nil no for the same value À of h thers are two different values, £, and 
Ey! of Ey, Therefore £y ia not single-valued which is absurd. — 
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continuity of MM ath, ‘Therefore 





Eine” 


differ from one another by a quantity as «mall ns wo please, whieh ia 
not possible if £y, ny. Ey, ng... ditor from one another by more than å. 





sav. 

dU. I proceed now to consider at some length Prasad’ 

interesting case of Rolle's function when /"(() i 
Take 





study of the 
owhere differentiable, 





1 fat) de 





where we) is a continuous, but nowhere di 
Woiorntross's function 


+B co 
1 
"Then the principal value 4,(5) ls a-sioylewalued and continuous but 
nowhere. differentiable function. t . 
Proof: 


| (a) That 6, (A) is singlo-valued is obvious; that it i» continuous for 
every value of ^20 is clear from the facta. vis.. () that in the equation 


LD sun. 


tho Jott wide being continuous, «(6,A) must be also continuous and 
‘being a contiguous function of its argument tho argument 


n à = 
| th and, consequently, ô, must be continuous, 





entiable, function, say 














(D) The non-differentigbility of 4, follows from the fact that in tho 


ee Pranal’s vesc papery 
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1h) = Rue). 
where 8 stands for 64h, tho right side ts differentiable for every value of A, 
‘Therefore 


TOY ei) «^ S (eO) 
Thus, [ui] existe. boing infact © 


HET 





But SÉ cannot exist; if it existed, «^D would exist being equal to 





xe dE. "Tberefore, na WiC) is nonexistent, it in proved that € 
nad, consequently, 9, are non-diflerentisble, 
194. 


60, ‘The next stop in the study of nowhere differentiable 6; is to 
determine the enumerable set (&,] corresponding to any given value of h, 


Prasad bas actually given a formula for On; forthe value hei. the 





formula is this:? Whatever positive integer /; may bo, there is & value of 
6 between 


Sen 
EN and uS 


and another value between 
1 1 1 
RE a 
1 Bu hin Si poper in which Uh eje early troated. The value of # lity 
Riese eis). Be ae. mente ie die by À, cor PB, ba 
My the meroes of the fuvetion E EEEO a win, 
To Prasada paper, * On the zerowa of Weierstrass's non-difierentisble: 
ago of the Dasara LE, Vk, XD 24 donc ba cm lei Ire 
fur “tbe serces" read " se" a 
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so that onc value of @ is j and the other values are given (1) by the 
expression 


star (nga) 
As being a number betweon 0 and 1 which can bo approximated to as closely 


as possiblo[ it is casily proved. for example. tbat A, lies between hom 


D, T 
sT and (2) by the expression + jrr where v is » suitable number 


between 3 and Jj. or 3} and 4, or 5 and 5}, or 5) wad 6. 


OL, In order to answer the question: How does #(h) behave as h 





0.01) when kN. T, , N being an integer. (a) It is 


‘obvious that the value of 





Is is cenit tha valo of core: 


ponding to the caso o[AsI.. Thus ash increases from 5. each @ 
decromes. (b) To c A behaviour of A,(h) as h decreases from 


Ege Put succomively A= fg. A= jga + Thoo it in easily soon that 


in the former caw thore in a valuo of # between 1— j} and 1— ij. 


and in the later caso a value between 1and i2. We may, therefor, 
salcly conclude thot as A decreases towards U any particular (4) tende to 





> sa. 

62, The next question to be considered is this: Admitted that (h) 
in non-existent for h>0, does #,{+0) exist or not, &.(0) being assumed to 
bel? 

"This ja a questión of great difficulty and can bé only briefly 
considered here. For a fairly detailed consideration, soe Prasad's third 





"There aro non-differentiable functions which have each a progressivo 
différontial co-efüciont at h=0; there are others for which this is not 
true, So, there aro all sorts of possibilities for the behaviour of 


ZL as h tends to 0. 


t. 
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B 340. 
63. 1 will conclude this lecture by poswering tbe following question : 
Is it true’ bat, corresponding to every prescribed function #(h), in case 6(h) 
is single-valued, or to every prescribed set {8.1h)}. in caso (h) is multiple. 
valued, there exists a function fih) for which the mean-value theorem, 
vie. JG) = mph) 


o 
LG) = Mf (hb) 
holds, and if such a function /(h) does not always exist what conditions 
must be satisfied by the prescribed function 8 or the proscribed sot {0q(h)} 
in order that /(h) may exist? * 





Hh) Ay + Ah + Agh? + SM vto infinity; 
then (taking further, without love of generality Ay and Ay to be zero) we 
have by the mean value theorem 


{lds} e byron), 


E] sace { Ẹ na. a 115 MN 


By quoting tho covetBcients of liko powers of h, we get the values of 
the A's, provided thot vo hav ite value restricted to numbers of the form 


( xy Thus, it A40. ay muat be ji if Ag=0, bub AsO, ay 





mnt bo( à Y}; generat. it : " 
AA 3e m ALL 20 but AHO, v-- 
thon e mac be i) ji à A 


oe 
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Tt is thus cloar from (a) and (b) that, in order that g(h) may exist 
corresponding to 6(k), in addition to being between O and 1 for al! values 
of h, Ö must fulfil certain restrictions and cannot be arbitrary. The follow- 
ing examples will illustrate this remark: 


Ex, 1. It 6 is constant it can bave values only of the form 





(Dare pee 


Ex, 24, ‘There is no fih) corresponding to s=; For $$ 





+h may faret naste ne HER has 2 Ay being any con 
stant different from 0, 
1 






Jam as fre + CLEA 


For Um — 
7 8vs-a 





As being any constant different from 0. 


Ba, 5. Ytéml -i h cos Je + for small values of h; then for such 


values M) e Tnt sin}, 


Ezo CE ENT ES 





q for small values of h, then 
" 


1 
ny 


for such values EE won't sin 


Ex. 7. Mf 
1 
Des ov fe erp ftn 3H 
then /(h) will be of the form h®+ Ch? cos { log j-+D ], C and D being 
suitable constants, ond in fact Ce, A Det) T 


O4. Let us consider now the case in whjeh 4(^) is multiple.valued, 
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(o) 1L B(A) has not more than a finite number salues, the procedure 
to be adopted may be illustrated by thg following examples: 


Ex. Hi ede À when h is in (0, 3), and is for values of 
^ in (J, 1) equal to 


Le M 


Mocorling as € lis between 0 and } or between } and 1; find /(h) on the 
aanumption (hat it is a power sarios in h. 


Let fd) f (dt. OCA]. wo heve 10 fini w(t), Tt ie obvious 


that v(t) is continuous, 


First consider the case of h lying in (0. J). As there is only one 
value of £. w( ie monotone aod must obviously be equal to t boonuse 


of € Loing à. 


Next consider the ease of A lying in (Je 1). Asume that 
EA EN 


‘Then. because of the continuity of w(t) at f=). " 
3 [ÉTSOT ECC 
“Aho, 


1w=} vane] nto LET 
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"Then values of tho a's satisfy tho second alternative of (IT) du well 
ns (D. Thus w(t) is tor 1=¢ according as fis in (0, }) or Gh D. Aod 


ins; 





À according as h is in (0, 4) or (4, 1). 


Be. 2 M Ein gi 
amumption ax in Bx, 1 





n by the following scheme, find. f() on 





Dividing the interval (0. 1) into four quarters ( o, }, ).( A 





( à ) ( Au ) aa calling them respectively the first, second, third 


and fourth quarters; € is equal to à when J is in the first quarter; for 
valuon of ht in the second quarter £ or 1 —£ equals 


Ex. 
p 
according a» € is in the first or second quarter; for values of h in the 
‘third quarter’, à -£ or £— y equals 
á E. 
LENTA 
ain 


according as € is in the first, second or third quarter; and lastly for values 
of h in the fourth quarter £. 16. £—] or 1—£ equals 


ne s 
EL 
pa 


‘aocording a € is in the first, second, third or fourth quarter. 

. (b) For the case in which Ah) has infinite number of values. see 
Prasad's paper ‘On the détermination of /(h) corresponding to a given 
Rolle’s function 8 (h) when it iw multiple-valued (Proc, Benares 
A. 8, Vol. XH). 
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SIXTH LECTURE 


"ROLLE's FUNCTION 6 AS A FUXCTION OF x AXD A ; GENEMALIZED MEAN-VALUE 
THEOREMS. GENERALUMD FUNCTIONS 0. 


IE 
05. To-day I will Srst discuss the Wolle's function @ as a fonction 








of two variables, vis.. z and h, and then proceed to give n number of mis. 
cellancous theorems and results, each of which is, in some sense, connect- 
d with the mean-value theorem or the Rolle's function # as a kind of 
‘Reneralisation, Taking up # (z. A), I proceed to formulate and prove in 
‘the words of Rothe the following three theorems: 

Theorem 1: Let x and h (+0) be real, «b ond also agz+h<by 
further lot /(2) be continuous for a<2<b, and differentiable for o<2<b. 
‘Thon, of all the functions f(x) satisfying the above conditions, {(2)=or* 
+ ety (a #0) alone bae the property to satisfy tbe mean-value 

Plath- fe) MP Ua t 0h), M) 
with a value of 0 independent of 2 and h, wiz, Om}, 
Proof 

“Ifa lies in the inside of (a. b), then is the left side and therefore 
leo tho right side of (M,) differentinble with respect to x ; consequently 
is fla), because of the constancy of # twice differentiable. By di n 
ting both sides of (My) with respect to z and with respect to h, we bayo 


Tit - pe pri eh). 
fe) 








a 


~ 
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If now f(x) were identically equal to 0, then fiz) would be linogr, and 
tho formula (M,) would be satisfied for every arbitrary valle of @. This 
trivial caso shall be hero, as also instho following pages, excluded 
Therefore @ must be |. 
Thus from (2) we have 


Pie (=+ i)- 





Since h is permitted to take Arbitrary values, for which z+% and 


+h are itho inside of (s, b), therefore it follows that /"(e) must be 
a constant different from 0, and therefore fíz) e az* + Bay, a. f. y being 
constants. 

06. Theorem 11: If in the menn-value theorom (M). 09 0(4) be inde- 
Pendent of z and dependent on h alone, and further OM) be single-valued 
and differentiable ; then, of all the functions f(z) which are continuous in. 
(a. b), the ends balag included, and differentiable in (s, b). the ends being 
exoluded, f(r) 262 Ge +y alone bas the property to satisfy (M,) with such 


AP, ns stated above, which is nof constant. This eri: 











Ki) is A log. 









). by'the samo considerations a» before, that 
because doos not depend on =, f(x) and therefore. also f” (2)... exit 
for a eh.» By differentiation with respect to © and with respect to M, 
we bave from (M), putting £ for 6h. 
o Í Pier h) - PG) mh fe + €) 

PG) Spiet E) + hPa OE. . 
Where ¢'= JE. One onn assume that £ is not identieally zero, for other- 








Wise would £ be constant, and from the above equation would also /'(r) be 
constant which would load to the trivial case of f(z) a« » linear function. 
"Therefore it follows from the two equations by the elimination of /^(e + €). 
as in onsily scen, that 
(4 — fiehü-oeerem fos n 
o PPer- aeret - fie. 
Now however this equation oan bo always solved ! with rospect to 
x ) - fé «o for arbitrary values of ^ and of z, thes must fix) be consteot in 
the RÉ eet om a he ete by eralelig. amar Ju. 
However, i, ft» definite value of À nad arbitrary values of #, f(r +A) ~ ft, Ge IE F (e) 
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£^... Consequently (4) admits of a solution with respect to €’. wis., 
[E sa fic fi D 
4 = ernro 

The right side, which as already said is independent oí 
tinblo with respect toh, Therefore £" exista. 

Moreover, follows from (4) by differentiation with respoot toh: 

PG eh (DEA Pe) = P+. e 
or, by using (3), 
(850 te #h) 07 9-1" + Oh" + =O, = 
and therefore by further differentiation with respect to x: 
46) PEALE) -A (DUC (0. 

Now, however, as i» immediately cloar, the quantities 1 -( and 
hg" + cannot be both identically O. Therefore the detorminunt of the 
two equations (5,) and (53) 

Fern Mere 
Parth pers 

But f'le + €) cannot be sero, for then according to (8) must / (x +h) 
f(x) vanish which, because of the previous considerations does not 
happen, Hence f'(+ + h) also cannot bs zero as a glance at the equation 
(5,) shows, Consequently the above determinantal ‘equation admits of 


being written in the form k 
P" «M ptit) r e 

Bie)" Pro P 
Bigce €=0h cannot be equal toh because of «1, therefore one may - 


n is differon- 





F8 re 


im cannot be | Absoluto constant, 
Ep D 








Lo 
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of linear f(z). Therefore p=p(h) variable, and, since € is dif. 
ferentiable and therefore continuous, the same holds for pla}. 
and therefore p(h) can take oil the values of a certainsdomain, 
This leads, however, with respect to the equation (0) to the 





result that BL must be constant. If, one writes x in the place of s, 


pa) 
re 


constant. From this equation. fls) is easily deter: 


ae 


whore © denotes 





aS fo 
e for CFO, 


for C=0 ; 





JG). G + On «C, 


Cie Cy, C, being constants. 

Leaving aside the cave of C=O which gives @ independent of h, we 
have the expreasion f(e)=0e** + Be + y with a £0. 

07. Theorem IIl: Of all the fonctions f(x) which are continuous in 


(a, b), tho ends being included and differentiable in (a, b) the ends bei 
exoluded, there is no function for which the theorem (M) in satisfied with a 








O independent of h, dependent only on æ and possessing Fa 
Proof: “The left side of the equation 
Ha) — pg, (insit) 


ia, for h $0 und for every fixed value of x in the interval a« «b, continu- 
‘ous and differontiable with respeot to h, and since the argument ¢ as a 
linear funotion of À is likewise continuous and differentiable with respect 
to h for avery fixed value of z, therefore the same holds for (^). i.e.. f"(s) 
‘existe in the interval o<r<b. Moreover. the differentiation of (M) with 
sia, ori h and with respect to x gives the two equations 
fie D) = fu + 0h) + f(x + 98). 
Gh) fü) NP Ce + a een. 


From the first follows at onoo, because of O0. that for AfO also 
-[" (@) is continuous, f.e.. [" (2) is continuous for a «ch. 











^. 
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Ip the second equation, the factor of /" (z*9A) cannot vanish for 
every value of. Consequently, f'l + 64) admits of boing eliminated and 
ane obtgins thus k 


Uteh) PG + b) topla) =(1 Ph) fa +00). 





One more differentiation with respect to h gives 
& fc) e Oh — 8) "(x +h) = PP Ce 48h) + CL Fh) f (eth), 0. 
Now it is expedient Lo Jet } converge to 0, Thereby one obtains, by 
having regard to the continuity of /"(2). 
(—6 p'le) "ial. 
i ice tbe teal vëniabing ot P) wield Soe 6 linear f(x). thoro 
remains the only possibility 





=}, 
i.e., @ is the same constant as in Theorem 1.7 
s42 


G9. 1 proceed now to give briefly Rotbo's treatment of the. eem 
What conditions must be satisfied by @ as a function of zand A in order. 
that there should be a corresponding function f(s) to satisfy the moan- 
value theorem. 
Moth) = fl) eh Fett 


"Lot 6 be a function, subject to the condition O<0<1, of the two 
independent rabia MIE nen 24h which take values inside the 
quedrate region 


ara eb, ana eth. 


"The function E MUN MISI ee 

"Tho question is Vei a 
by an lotion of. a in ondor that tbere be function f (2) 
mms Diem ET T 


pairs z4. 2, be tor which pie 
Essi ir dread the 








Tt is easily seen that the condition II is also satlaGed by &tr3. x4). Tho 


partial differential coefficients Of =¢,, BÉ me, cannot be Jenti- 
êr, LIT Br é, inot both identi. 


cally O ; for, otherwise, € would be a constant and therefore also /'(é) 
which would give according to (M) & linear f(e) which caso was excluded 
beforehand. 

Now the left side of (M). and, consequently al 
differentiable with respeot to z}, as well a» +. 


the right side are partially 
because by IH, £, and £s 


er Je, = Sr. 
Or, le. Ls les. 
it boing assumed that £, and £g are both different from zero, Under this 
supposition, by the partial differentiation of (M) we have 











are existent, therefore /"(£) also exists and equ: 








ren Leno 


a) 





III, Neither £s nor £, vanish. 5 
‘Phe expression for f" (£) admits of partial differential co-eftic 
in the whole of the region (B) and because of 


reu SE [ee SEO Jey, 


JME) is existent in the whole of (B). Now this being settled, by differen: 





~ tinting with respect Lo x, both the sides of the first equation, (M) or with 


respect to za both the sides of the second equation, we bave 
(M^) (eae). Era eID. aba + EEL 76070. 


f= B= 38 
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Te, Poto 
‘This supposition cusbles ono to write (M^) ia the form 


5 - 
EAE BITE TELE TN 
Ta = ie). mere c A fa) ui (n 


‘The function & exist jm tbe wholo of (F) and admite clearly of the 
Ot sr I PES 
Partial diferentiat coetaienta BÈ =k, à DS =a. Henceit follows from 
() thot in (T) /'*() exits and one obtains by partial differentiation with 
respect to z, and zg and the elimination of (f) 
PO sta Ea) m0 

whence by IV we have £ {a = £55, 0. a partial differential equation * of 
the tind order as the necessary condition for the existence of f(x) 

00, Tho satisfaction of the above differential equation is, however, 
mot sufficient for the existence of /(7); as tbe following example prover: 

Lot 6 be given by 





em Are, oa) 

whore a, A, B are constants, Then it easily seen that 3 
ian 

whatever A, B may be, So the differential equation 

‘ever A, B may be; but from what was proved. 





Ce), we must have 
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70. The following theorems, the proof of each of which is briefly 
indicated, may be considered to be generalizations of the mdéan-value 
theorem in the sense that each of thom depends for ita validity on Rolle’s 
‘theorem and gives the mean-value theorem as a particular case: 

(a) Lagrange's remainder theorem : 


Jes h) efr) hf) + oat Un ePi) cacti, nal. 
Lot y(t) donate /(6) -/(0) (009070 pre... 
mn) = 
-Y)t £220 ni Lo 


whore b=x+h, and P is independent of ! and is given by 


Tre (a) + he) ++ E) + E P. 


"Then y(z) 0, (zt h) 90, nnd if (i) exists for every value of £ inside 
(2, #+h), Holle's theorem gives 
von 
for a value of f between z and (z+). But 


ve $077 ce- pmo. 








‘Thorefore we vo s. 
(2+ 6h) =0, Paf"(x+ 6h). 


(b) Cauchy's generalized mean-value theorem : 
(+ N)—o(a)__ green) * 
iere" fern) 05 
Let 


X)-e(2) e 
à. Von) METEO (ren. 
then y(z) 90, y(z- h) *0; therefore Rolle's theorem gives 
veo 
for n value of t between = and z + k, if &(/) and F'(f) exist for every value 
> of t insido (z, +A), and F'(!) is nowhere 0 or infinite. Hence the theorem. 


(©) Genocchi and Peano's generalized mean-value theorem: 
Hath) pth) Fee) 
fe) su) Fe)  |=o.0<s<r. 
Maton) Piton) Pies ehy 
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Let 
fre) geek) Fir) 
: s= H 
fe $9 Fe |. 
KO wo o FO 
then (2) 90, yle + h) 0; therefore Rolle's theorem gives 


v=o 
for n value of t betweon z and x+h, if Mt), g(t). (E) exist for every value 
ol I in (e, # +A) and do not all vanish simultaneously. Hence the theorem, 
1 may be noted that for F())=1 we bave Cauchy's generalized theorem and 
from this for 9(() e the ordinary mean-value theorem. 


(o') Generally! for (n3) functions fafa), falz), fa(2)..../.(#), we have 





() fyc) e fe-nto) 
ha) fe) [ACT 
he) hed -0. 





hed) ht 
where u is a mean of #4. git 
(d) Pompeiu's theorem, 3 
drin 1) - e) Pe) - Fr) e Mg th) Gb), 061. 


The tbeorerfi ix proved by Pompeio on the supposition that 4” and Fr 
are positive and 


increasing. 
(6) Heth, yh) m fGrs y) + hile toh. y4 1) 4 lo Gr 8, "1n. 4 
plu, «9 standing for T 


Be 1.0. vu 9) tor Behe ». 


Q 
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Thu "Mm 
X0) e hé(z--0h. y bk) iy e bh y). 
(f) Goursat and Hedrick's forma 


Nath yt) fers NFM L0, yl) ee y+ Ok) 
follows by considering 


7 oxie fet Ms yh) efr, y+ kt), 





su. 


Ti, ‘The number # which occurs in any of th wralized theorems of 
$48 can be studied in the same manner us the 6 which occurs in the 
ordinary mean-value theorem; I will conclude this lecture with a brief 
account of the researches relating to the other 4” 

(a)(i) The number # in Lagrange's remainder was probably studied by 
Cauchy and bis school with tho rosult that (+0) was shown to be —!r; 
but the first published investigation about # is due to Whitcom ? who gave 
the first four terms in tho expansion of #(4), those being given ox follows; 


1 1) in^ Sra) 
ont an] faeries he 

he 23 (n+ 1)? = (n2) 9) 
(pie REIRES JP io 
ci 1) — (n j^ - 
enses } £9] 
nis f. E 1* — (n2) (n 2) + 4) w 
EEE 
-f “8: (n+ 1) (3) , 2-3*(5-)* 00203) 
Exc "ap ^ 3beDNe r3 3) 


De). fe“ ta) 
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Gi) As stated in the first lecture, Rothe and Hayashi have studied this 
6 and Rothe bas given a number of results similar to those for Roll 
function 6, . 

(li) Dini ! hus shown thst, if, at te, (^*^ V(€) exista, is finite and #0. 


+0) oxista and equals 1, 


(O) @ The number ê occurring in, Cauchy's genoralized theorem was 
‘apparently studied at Cambridge os early as 1804 for which year there is a 
question paper * containing the question : 


va) 
6 









“It F(a) denote. » prove that 


mE +4; FG) approximately when h is small," 
In the above 6 is given by 
felted 
LS) Er "Petar - 
{i As Rothe considered the case in which Rolle's function &(z, h) ix 


an absolute constant. so Takabasbi hos considered the case in which tho # 
jm Cauchy's generalized theorem is an absolute constant. He bus 


proved that @ must be À and that, / and ¢ being assumed lo be differenti- 
able five times, they must belong to ouly the following three types: 
() feArt e Bete, $m AT +B'e+e! 
5 (2) [e Ac Be-?ree, $m Aer Bret 


(9) =A sin (pz+q)+B,  $-A' ain (prr) B^ 
or 


E 

À cos (pe+9)+B, A! cos (prr) B! 

Inthe hove =, c» in and e-<0 in (3); ali the oiher constanta 
arbitrary but diferent from 0, 


(6) Takahashi has considered a etn ial Whe aoe ot 








isl some enr 
Vue ts a 


ZEN aay sa dn 











APPENDIX A. . 


Ox Pouwatw's Pnoor ow tmz MzAW-vALoR Trone, 


Uxtvansire’ pe Bocanner, 


* le 15 Mars, 1931. 


Très honors Monsieur ot Professeur, 

Jo vieux de recevoir votro lettre ainsi que l'extrait de votre livre où 
(8 15) vous me faites l'honneur de donner une place à ma méthode pour 
démontrer le théoréme des nccroissements fini 

Veuillez en accepter tous mes remerciements très sincères. 

Vous faites suivre l'expose de ma démonstration de quelques observ: 
tions (criticism of Pompeiu's proof) sur lesquelles vous désirez avoir aussi 
mon opinion. 

Jo suis très sensible à la délicatesse de ce procédé. 

Voiei quelle est mon opini 

Le fait, que vous signales par votre exemple (page 28) est exact ot, 
de plus, c'est un fait général dans le cna d'une fonction dérives queleonque 
a'eut-h-diro pourvue de points de discontinuite’. 

Mais, ce fait n° intervient pas dans ma démonstration. 

Dans ma démonstration le point ¢ est toujours intérieur aux intervalles 
(us ya) et alors le fait signalé, par votre example. ne peut par se produire. 


Dans votre exemple le point o=} est extérieur aux intervalles 
1 C 





























nait dn. nme : 





'eak pour cola que le fait, signalé par vous est possible. 

Ep résumé: vous signale, par votre exemple, un fait exact; ms 
co fnit n'a rien à voir dans ma démonstration, parce que les cireonstancs 
wont autres dans ma méthode: le point c est toujours intérieur aux 
intervalles (4, ys) en alons le fait, en question. no peut pas se produire. 

Bt, puisque. ainsi delnireie, In question présente un intéret scientifi- 
que, j'ai rédigé une Note (ci-jointe) et, «i vous trouves cela convenable, 
vous pouvez (apres traduction en anglais, ou meme sous sa forme 
primitive) la faire figurer, à la fin de votre livre, comme une simple Note 
explicative. M 
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Je vous on serais très obligó, pour l'intérüt sciontifique de In question, 
Veuillez Mgréer. tros honoré Monsieur le Professeur, l'assurance do 
tna considération tros distinguée ot me ervire 
votre tout dévoué 
D. Power, 
Agréd à l'Université de Paris, 


NOTE 
Sur une propriété des fonctions dérives. 
par D. Powrew. 


1. Soit f(x) une fonction. définie dans un intervalle (a, b) ot 
silmettant pour tout point a, Intérieur À (a, b) uno dérivée bien déterminés 


Cela veut diro que: ai s eat un poini fize, pris dene (a, 8) fe rapports 


fess)=fie) 
a une limite bien déterminée, lorsque h tend vers zéro (par valeurs 
positives ou négatives). s 4 

2. Cela précisé, soit e un point pris dans l'intérieur de (a, b) ob 
Cœur Ya) woe suito d'intervalles, d'amplitude de plus CHOLET 
tendant vers le point c. 

Vormons ten rapports M 

HD) ente, y). EJ 
Que peut-on dire do la imite des Tomos yo estes ie DM 
(eu yu) endet ves le pte? E 
la réponse précise : 
w Cle la pen e pan eer doi tont. Oa 
dérivée 


pug Reap ove: 
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Cela résulte immédistement de l'identité . 
4109-16) 


En 





EDU . 





<1 
| 
ot lors le rapport du premier mogabre eat compris entre les deux rapporte 
qui figurent au second membre, 
C'est ce fait soul qui se présente dans Ia démonstration, du théorème 
dos neoroissemnents finis, exposée aux pages 26, 27 de oo livre. 
3. Mais, il résulte de ce qui précède que In dérivée d'une fonction 
J(=) peut étre définie 
soit par la limite du rapport classique 


d Hethi, 
soit par lo rapport 
@ — "a 


avec la condition expresse que Je point z ob l'on yout avoir la dérivée, 
soit constamment compris entre 2! et 2”: 













«rui. 

Alors Id drivé cherchée et saei bien la limite du rapport (1) que 

In limito du rapport (2) 
ao. D. Pour, 
| etm Remarks on the above d 
" - E 
Gaxan Prasan 
Lu] 


Ere da Ys both tend to 
zm 


(be clear from ‘the following examplos, in 


KE 
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‘Then /(x,)—/(y,) in zoro for every value of k; consequently. =, and y, 
both tend to 0, while Menten also tgnds to 0. 
CET 





But there is no differential co-efficient for f(x) at £70; und, asa 
matter of fact, the menn-value theorem does not hold. 


Ezample 2. Let (e)=sin 1, so that . 





fem jn ps 
nnd take z, = —y,, 2, tending to 0 in any manner whatsoever. 


Contrary to Professor Pompeiu's statement under 1* in his Note, (0) 
exists ! and is 0, 


Also [(z,) 9 [(y,). as J(=) is an even function; consequently, x, and y, 
both tend to 0, white ff) [09 aiso tende to 0. 

Also, there is a differential co-efficient for f(z) at 2=0; and, as a 
matter of fact, the mesn-value theorem holds, 

Erample 8. Let f(e)= sin È 'and tako ru yy. 1, tending to0 in 
any manner whatsoever. 


‘Then, f(x) being an even function. f(e,) —/(y,) is zero for'ovory value 
of k; consequently, z, ani y, both tend to 0, while 


fo) N 


. Le D i 
also tends to 0. 
Although thoro is no diferentia] co-efficient at z=0, the mean-value i 
theorem holds.” xus M UPS 
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POMPEIUS PROOY OF THE WEAN-VALUR TWOLEM v 
m . i 

Leaving now tho Note of Professor Pompeio given in this Appendix, 
and going back to the proof reproduced in § 15, I wish to emphasize that, 
like tho classical proof of Bonnet or Dini, it is based on the following 
property ! of continuous functions : 

' M the function F(x) continuous between a and b and in two 
Points «and B of this interval (a gnd b being included) takes different 
values A and B, then for one or moro determinate values of z between 
aand A, F(«) sball take any value O comprised between A and B,” 

For the purposes of Bonnet's or Dini's proof, the above property will 
do with the ordinary notion of continuity in which F(x) is bounded, ut 
with auch à noti Professor Pompeiu'» proof will fail unless the fir) of 
$ 15 is rontricted to possess only finite differential co-efficient. 

For, for the purposes of Bonnet's or. Dini^s proof, F(s) is practically 
fr), whereas for Professor Pompeio's proof 

















Rira) fis) Ke) 


la taken to bu F(x), with the convention that F(a,) is f(a), ‘Thus, my 
opinion that “in order that Pompeiu% proof be valid, something in addition 
to the existence of f'(5) must be postulated” was not entirely unjustifiablo, 

‘This opinion seems to be in conformity with the viow beld at one time 
by Professor Pornpoiu himsoll. For, in a paper ® published after the pub. 
lication of the paper containing the proot of § 15, Profesor Pompeiu 
anys: * the proof which we have given resta on a property of continuous 
functions, Now this property has been extended in tho present paper 
to genoralized continuous functions and this suffices to make our proof 
applicable to the general ease. In fact, let us consider the ratio 


Re ojo Ff) 1) 














and complete its definition by putting 


E Ra, 0) = Fe). 


Fie) may be infinite at tho point z=a, but in this case, (y, a) in 
continuous (in the extended senso) at the point a.” 





Fondamenti per la teorica dalle fonsiont di eariahi reali. p. 3. 
n peperit secroissementa. inis" Deuriewe Note, Annales ecentif quen 
(de Y Universite de Sonny, 1906, 
E ig 
; Hj t 
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Ox rw» Vamous Fons ov rau Remarnoun iX Tarton's Sante, 


‘Tho theorem giving the romaind& alter n terms in Taylor's saries 
for f(a > h) id vo intimately connected with the mean-value theorem that it 


List of the Various Forms, 


"e th). O<P<1. 
(Lagrange, Leçons sur le calout des fonctions, 1700.) 





Q-A ath oco, 





[Cawohy, Resume des lecons sur te ouleul infinifésimal, 1829; 
sle Oeuvres. (2) T. IV, p. 200.) 





1. e gr 070 fet Oh), OA. 


[Beblomitch and Roche; Sehlomileh'e Handbuch d. Dig, =w. 
Antegrat-—Rechnung, 1847; Roche's paper in Lioweille's 
_ Journal, (2) T. D, (1838). p. 271.] F 








VARIOUS FORME OF THN REMAINDER IN TAYLOR A oxnmes — 00 









V. {ole h) eio). pt), MP, tcn a 


O<0<1, ¢(f) boing any function which is continuons with 
differential co-affcionts for x«tszz ^h with non-vanishing s^ 
Rocho, Comples Rendus, T. 58, 1806, p. 380.) 





vi. Mt (POl) +4), « boimg a quantity which tends to 0 with A. 


(Peano, Genocohi—Poano's Calcolo Differenziale, 1884, 
pons] 





h he 
vit $^ dy cs SI haha 
ò 


[Laeroix. Traité dteméntaire de ealeut differentiel et de cutout 
intégral, 9nd edition, 1806, p. 808] 





vitz c D foes hh ah, 
. Csoroix, Ibid, p 900.) 


À 


p “rhdorie Analytique dex Probabilités. No, &, 1819: 
Also Oewores, t. VIL p. 179.] 







(c gt Out, 
(Jordan, Cours d'analyse, T. 1, 20d edition. 1803, p 245.] 


wur le calcul des fonction 
first in 1801 in the Recueil des leçons 
1804 im the Journal de l'écel 
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in Um Théorie Lagrange uses not tho general index n in his working but 
‘considers the cases of n=1, 2.3 and contents himself by adding that 
tho working will do for any v. . 

AL This form was certainly first given by Cauchy who appears to 
have utilized for its derivation the remainder in the form I. 

TILIV. It is a fact, as pointed by Bchlomileh in his ‘ Extrait d'uno 
lettre de M. O. Schlomileh a M. Liouville ' [Liowville’s Journal (2) T. 8, 
1858, pp. 354-985] that as early as 18479848 be had given in bis Handbuch 
der Differential u. Iniegral—Rechuung the following forin of tho remi 

90-90)  q-9 TEM 

Vans Seam fett. 
where V is wn arbitrery function subject to the conditions that (1) 
together with Y(t) is finite and contisuous between the limite DELI 
and that y/(f) does not change its sign belween those limite, 

Behlomileh pointed out that, for (A) * h^, bis form gives TIT, which 
was frst eitly published by E. Hocbe in the same volume of 
Liouwille*s Journal on pp. 271-272. 

1t may be added that, whilst the method used by Behlomileh in 
based on hy's generalization of the mean-value theorem. Roche 


























deduces bis result from the form * 
1 





i jermenn-on 
vt the remainder, 


V. The following i» ^ teanslation of Roche's paper! almost word 
Tor word: 

“One may generalise the formula which makes known the finito 
ratio of two funotions 


Fotiri) _ Piao on) 

HNA “ee: m 
where F and D, F' and 4/ are supposed to be continuous and (x) to be 
a funetion which never vanishes between a and 44h. Let then in faot 


= Me) =! #4 E Ll is 
sjarmere RTT roe, 
da) e (04h) = ola) — + h-apa) - -.— mr " ete), 


* 16 seems that the result of Ronke tedacovered by Mahajani 
aes form of "Re rie Tag's tee” m podere endi 





VARIOUS FORMS Or Tix HEMAINDER Ig TAYLOR A enms — LOL 
whence 


mieja- ETRE je) edrge - (th) quet, 





Lot us assume that the functions f. ¢ and their differential co-officiants 
remain finite and continuous in the interval from a to a+h, and that 

* — g!*°N(44 is nob zero; the samo conditions are fulfilled by the functions 
Fand, and one may apply te them the formula (1) whioh reduces 
now in this case to 








Fa dh) 
. 


because 
F(seB)e0, Dash). 
Honce follows at once 





"(a + Oh) 
Er OQ 





Hah) = f) - Mp) - À ftn 


=! (hon) 
plath) pla) = hn) — d: 








a relation of which the formula (1 
1t now one pute 


particular case. 


Hae M) =a) = hn) — 





the equation (2) may be written 





R, de 4) - gta) hola) opt m-ent, 

By giving to the arbitrary function $ such forms as one plesses (satisfying 

conditions enunciated above), one shall have all tho expressions for 

‘the remainder in Taylor's series. The equation (3) ls therefore tho general 
remainder. 


dorm of this ror 
For example, if one puts 
einen. 
‘one finds 


DO LES DOS 
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wheré p and g aro undetermined: but q ought to be integral and less than 
tho positive number (+1). One may thus obtain very woll new 
‘the remainder. b: 
In particular, for p=q. 


EED uus 

XD m 

a formula which I have given ! for representing at once the two usual forms, 
An fact, it reproduces for p» and p=0, the ordinary remainder and that 


O im the gonoral expression (3) one finds the 








formula of Behlómllch. 


m, lecce) BUD pt cap) 

Finally, if in the interval from a to a+h, f= Ple] le not anywhere 

dero. in other words, if in. this interval f''(s) varies always in one senso, 
one may take p(x) e ['?(z), o'i) s fe (2), nnd then. 


EDS 








VARIOUS VORMS OF THR REMAINDER IX TAYLOR 
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of the differential co-fBeient. Of course, it f(z) has the nth differential 
co-efficiont for z-z,, then it ought to have the proceding differential 
co-efficient also in the neighbourhood of 29; but about the nthalifferen- 
tial co-eficient it is not necessary to suppose cither the existence or the 
continuity in the neighbourhood of x9." 


ee As stated on p. 56 of this book, the form VI is also given in Dini's 
Calcolo Infinitesimale, t. 1 (1907) which practically contains the subject. 

attor of Dini's lectures of mëch earlier yours. It is, therefore, un- 

fortunate that recently two books! have come out in English in which «^ 

tho remainder VI is prominently described as * Young's form" of the 

remainder. No doubt this mistaki due to the ignorance of the authors 

of the works of Peano and Dini, and may be excused, specially 

in view of tho fact that «o well-informed a mathematician as Professor 

W. H. Young gives the remainder in his book Fundamental Theorem» of 

the Differential Caloulus (1910) without mentioning Dini or Peano. 














VIL Lacroix does not claim to be the discoverer of this form but 
attributes the discovery to D'Alembert, ns is evidenced by hia preliminary 
remark * "See here how D'Alembert has obtained and demonstrated at 
the same time tho theorem of Taylor" (Recherches sur differens pointe 
émportans du system du monde. t. #, 1750, p. 50) 


That Lacroix is wrong is the opinion of Professor Pringsheim ? who 
says: A provisionally given derivation of Taylor's series by D^ Alombort 
shortly before the publication of Euler's Diferential Calculus i» based 
on tho (obviously inaccurate) relation * 


Met h) =la) + fbr + Wd 


and its repeated application to P(x+h), f"(z « h), etc. With tho repeti- 
tion m timos of the proscas of transformation would ono attain to an 
‘ ‘exprousion for the remainder in Taylor's expression in the form of a 











Philips. À Course of Analysis, 1980: 
Mahajan, Elementary Lessons in Analynis, 1990, 

* See Art. 384 of Laeroiv's book 

* bes p 499, 


* Tho correct relation ie fiz eA) fne fresa. 
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VIII. (5) Although it is true that Lagrange was the first to give the | 
remainder in the form of a definite integral, his form is fairly complicated 
‘ond fromm it VIII can be derived only bj a cumbersome process. | 

du fact Lagrange” statement giving his form of the remainder ie 
included in the following * — 

Let 

Aa + h) =) + P. d 


then substitute («—A) for « and put 
Palah, b= quos A). 





ee PED, 


am tee 


‘Thus 
Kale Iz- Mo fle) 





epee). ES en 








Put now 
Pelee), 
‘then (1) gives 
Jajahan à Bama) o (Ma ea) AT 
Henao by partial differentiation with respect to +, | 
un Er ren 
ie porns gy. | 


Now, trom (2), we have par = ‘Therefore, maliy, 





o i 
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(6) Lacroix deduces VIII from VII by using the result 


[TS -am fa-o-ma . 


— (e) Laplace's derivation ! of his form is substantially reproduced by 
Cauchy in his Resumd (Lecon, 36) and ie as follows ;— 


* One bas by taking the integral from :=0, 
deg — 4) — els) - (e — 2). 
fdegllz — 2) e spas) + fadeglr — a). 
frdagla — 5) = pape) + MaPdsg(a 2). 


My eontinuing tbis process, one finds generally. 
, wen te-)s d 









ha) es ees) 





E de se Dea). 


~ gy compariag this expression with 
1 LOTO ECC ECS 





Page 4, 
Page 5, 


Page V, 


Voge M1. 
Page 11, 
Pago 19, 
Page 19, 


Page 22, 


Page 25, 
Page 28. 





APPENDIX C. 
Avpitions Axe Connterions, 
ta tA) May)” read 








we: For read 
Line 12: For read 
lied: Por UPompieu" "ed 
Ast footnote: Por * theoreme " read 
Line 18: — For "t'en read 
Mot fost- 

"wo: Per tean” read 
Line 0 from. 

bottom: For “PCE” vend 

ETC EDR 

ed tine trom Por "STREN" pad 


nt the end: Add ae s footnote to line 4+ 


"fes = (eu) 
je 
ES 


“Pompei” 
* théoréme."" 
"ule 


"ami. 


"ye-BpHen 


© Although. as shown ia Appendix A, the statement in this sentence 

is correct, the example that follows is nof to the point. Professor Pompeu: 

was good enough to respond to the author's request to expres hin opinion. 

on the criticism md drew the author's attention to the second paper 

quoted on p. 07 is the 2nd foot-note, The proof, as modified in the 

i’ light of this paper, is perfectly valid." 


Line 20; read 





vfus 





Page 64. 
Page 60, 

Page 62, 

. Pago 04, 
Page 67. 

Page 68, 

Pago 08, 


Pago 74, 
Pago 75. 


Page 70. 


"The subject is carefully considered in Prasad's third paper (Bulle 
the Caloutta Mathematics! Society, Vol. XXIII pp. 67-06), 


dí cannot be fuite aml differs 
sign. But there is somo doubt i 


e 
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last lino: For ‘hf 24g) 


read © hfe D) 


- h 
Uk line feom For vow ¥(3) a + (à). 


bottom : My G ) 


Add ns foot-note to £n in the last line: “En 


Line 10: For * difficult © 






Line 10: For 


(an De 


Line: Por “ibe maxim * 


2nd line 
from bottom : For "387 
Lino: — For “iat 





sv (5) 
Luis 
LS cn 





nad z 


sr 
Unti d 


read "the proper ma. 
xima." 


read "me 
mad aut 


Footnote: For “second paper ^" read ~ second and third 


At the ond of Art. 59 add 








papers.” 





fom tero or infinite with determinate 
di can be sero st a point A for whioh 


JU) lua a. cusp; Prasad opinion ix that most probably SÉ = 0 at such a 


points 


Page 80, Line 1: Por 


Page 80, 





Pago 85 





Page B). 


Line 5 from 
bottom: Fe 





Line 15: For 
Line 3 from 
bottom : 





(Fera) 
cem 


"ean 
Jo 
"fü En) 


read of values. 











